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Abstract
During past four decades, applications of magnetorheological and electrorheological fluids in adaptive sandwich struc-
tures have been widely studied, primarily for the purpose of vibration control. The rapid response time of controllable
magnetorheological/electrorheological fluids to an applied magnetic/electric field and reversible variations in their stiff-
ness and damping properties have been the key motivations for adaptive structures applications. This article presents a
comprehensive review of the reported studies on applications of magnetorheological/electrorheological fluids for realiz-
ing active and semi-active vibration suppression in sandwich structures. The review focuses on methods of characterizing
the magnetorheological/electrorheological fluids in the pre-yield region, magnetic/electric field-dependent phenomenolo-
gical models describing the storage and loss moduli of fluids, experimental and analytical methods developed for vibra-
tion analysis of sandwich structures with magnetorheological/electrorheological fluid treatments, analysis of structures
with partial magnetorheological/electrorheological fluid treatments and optimal treatment locations, and developments
in control strategies for vibration suppression of magnetorheological/electrorheological sandwich structures. The studies
on dynamic responses of fully and partially treated magnetorheological/electrorheological-based sandwich beams, plates,
shells, and panels are also discussed, including the mathematical modeling methods and associated assumptions, methods
of solutions, and experimental methods.
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Introduction

The merits of sandwich structures with different viscoe-
lastic materials have been well-established for vibration
attenuation, especially for their ease of application and
low cost (Nashif et al., 1985). Fixed parameter viscoe-
lastic materials, however, would yield limited vibration
attenuation performance and may be tuned for isola-
tion within a narrow frequency band. The smart fluids/
elastomers with variable stiffness and damping proper-
ties, attributed to the changes in their rheology in
response to an applied electric/magnetic field, offer
attractive potentials for realizing adaptive sandwich
structures with enhanced vibration suppression in a
wide frequency range. Huang et al. (1996) compared
the vibration attenuation of a sandwich plate with pas-
sive constrained layer damping (PCLD), active con-
strained layer damping (ACLD), and active control
(AC). The study demonstrated superior performance of
the structure with ACLD and AC compared to that

with PCLD, although the core layer reduced the actua-
tion ability of actuators employed in the ACLD.
Furthermore, the ACLD treatments provided more
effective vibration mitigation than the AC under low
feedback gains, when a simple derivative (velocity)
feedback control law was employed. The AC, however,
resulted in better performance, when constraints on the
feedback gain and damping layer thickness were
relaxed. Nayak et al. (2011) reported 30% greater
vibration attenuation of a cantilever sandwich beam
containing smart elastomer as the core layer compared
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to that of the structure with a viscoelastic material core.
The smart elastomer–based structures, however, exhibit
greater regions of instability compared to viscoelastic
sandwich structures when subjected to axial loads. It is
worth noting that vibration suppression of sandwich
structures with piezoelectric materials has also been
widely reported (Hosseini-Hashemi et al., 2010a,
2010b, 2012).

Magnetorheological (MR) fluids are smart control-
lable fluids, which can alter their rheological properties
(elasticity, plasticity, and viscosity) from free-flowing
condition to semi-solid state rapidly and reversibly in
response to an applied magnetic field. MR fluids are a
suspension of micron-sized (3–5 mm) ferromagnetic
particles of high magnetization saturation in a carrier
fluid, generally a type of oil. Coarser particles have also
been used, which yield relatively higher dynamic yield
stress compared to the finer particles, while the yield
stress at saturation of the MR fluid does not depend on
the particle size (Genc and Phule, 2002).
Magnetorheological elastomers (MREs), also a class of
intelligent materials, are composed of magnetic parti-
cles (in the 1–100 mm range) suspended in polymer/
elastomer or gel-like matrix. The matrix prevents the
particles to settle down. MREs are typically fabricated
using two different techniques. If the mixture of elasto-
mer matrix and ferromagnetic particles is cured under
the presence of applied magnetic field, the formed
chain-like structures are locked in their place and thus
generate an anisotropic-type MREs. While if during
curing process, no external magnetic field is applied,
the magnetic particles are randomly dispersed in the
matrix, thus generating isotropic MRE. Response time
of anisotropic MREs is much less compared with that
of MR fluids as the chain-like structures have been
already locked in the matrix during curing process.
MREs are basically complement MR fluids in the sense
that they mainly provide field-dependent modulus
while MR fluids provide field-dependent yield stress (Li
and Zhang, 2008). Applications of MREs in sandwich
beam structures have been widely reported (Choi et al.,
2008; Korobko et al., 2012; Nayak et al., 2010, 2012a;
Ni et al., 2011; Ying and Ni, 2009; Zhou and Wang,
2005, 2006a, 2006b, 2006c). Such smart materials have
also been explored for tunable vibration absorbers to
suppress vibration of structures (Deng and Gong, 2007;
Gandhi and Thompson, 1990; Ginder et al., 2001; Xu
et al., 2010; Zhang and Li, 2009).

Electrorheological (ER) fluids, similar to MR fluids,
exhibit changes in rheological properties under a vary-
ing electric field. Conventionally, these materials are
fabricated by suspending semiconducting solid particles
in a dielectric carrier liquid. Although functionality of
the MR fluids subjected to magnetic field and the ER
fluids subjected to electric field is similar to some
extent, the fluids exhibit distinctly different characteris-
tics, which distinguish them with regard to their

performance and potential applications. For instance,
MR fluids can provide greater changes in their rheolo-
gical properties and higher yield stress in the presence
of magnetic field compared to the ER fluids exposed to
an electric field. Weiss et al. (1993) reported that the
shear yield stress of MR fluids may change from 2 to
3 kPa in the absence of magnetic field to 100 kPa under
magnetic field of 3000 Oe. The ER fluids exhibit sub-
stantially lower maximum shear yield stress, in the
order of 5 kPa under an electrical field strength of
4 kV mm21 (Weiss et al., 1994). Yalcintas and Dai
(1999) reported that for the same applied field strength
and sandwich beam size, the shifts in natural frequen-
cies were almost two times higher for MR sandwich
beam compared to those of the ER sandwich beam.
Moreover, sedimentation of the solid particles in ER
fluid together with higher sensitivity to impurities and
temperature, requirements of relatively higher voltage,
and the variations in the material response in electric-
time conditions may limit its applications (Yalcintas
and Dai, 1998, 1999). Yalcintas and Dai (1999) sug-
gested that MR fluids are well-suited for vibration sup-
pression of structures subject to high-frequency
excitations, while ER materials were recommended for
vibration suppression under lower frequency excita-
tions. It is worth noting that the ER fluids respond in a
similar manner to both alternating current (AC) and
direct current (DC) electric fields (Shiang and Coulter,
1996). Applications of ER fluids in sandwich structures
and vibration absorbers have also been widely
reported. (Ehrgott and Masri, 1992; Gandhi et al., 1988;
Kordonsky et al., 1994; Lee, 1992; Park et al., 1994;
Rahn and Joshi, 1998; Shiang and Coulter, 1994;
Sprecher et al., 1991; Wei et al., 2005).

Vibration analysis and control of sandwich struc-
tures necessitate accurate characterization of the ER or
MR fluid core layer in the pre-yield region (Weiss et al.,
1994). Operating in the post-yield region disrupts the
particles suspended in the carrier fluid, which results in
sedimentation of the particles, particularly for the ER
fluids. Weiss et al. (1994) reported 20%–30% reduction
in the storage modulus of the ER fluid under strain
level of 1%–10% due to repetitive tests on an adaptive
structure. While the ER materials effectively reduce dis-
placement amplitudes of sandwich beams in the linear
region, their performance in the non-linear range is lim-
ited (Vaičaitis et al., 2008). Experimental characteriza-
tions of ER and MR fluids in the pre-yield region have
been reported in a number of studies (Claracq et al.,
2004; Mohammadi et al., 2010). While the MR/ER
fluids were accurately characterized in the pre-yield
region, they might be employed fully or partially in the
adaptive structures. It is worth noting that partially
treated MR- or ER-based sandwich structures may pro-
vide superior damping performance compared to the
fully treated ones, while having less weight (Rajamohan
et al., 2010c; Yalcintas and Coulter, 1998).
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The reported studies on sandwich structures employ-
ing MR and ER fluids have employed widely different
structure analysis methods and experiment methods for
characterization of fluids. While the state-of-the-art
developments in sandwich structures, ER fluids applica-
tions, and MR dampers have been presented in a few
review articles (Librescu and Hause, 2000; Stanway
et al., 1996; Wang and Liao, 2011), a similar review of
developments in vibration analysis and control of MR/
ER fluids structures has not yet been presented. A criti-
cal review of studies reporting analyses of control of
MR and ER fluids sandwich structures including beam,
plate, shell, and panel structures is thus presented in this
article. The state-of-the-art review focuses on character-
ization of MR and ER fluids in the pre-yield regime,
particularly the frequency- and field-dependent loss and
storage moduli; analytical methods and dynamic analy-
ses of fully and partially treated sandwich structures
containing controllable ER/MR fluids; and optimiza-
tion strategies and controller designs to realize vibration
suppression corresponding to the selected modes of
vibration.

Pre-yield characterization of MR/ER fluids

The properties of MR/ER fluids are strongly related to
the applied magnetic/electric field. In the absence of
applied field, the suspended particles are randomly dis-
persed within the carrier fluid. The MR/ER fluid may
thus be regarded as a Newtonian fluid, since it exhibits
constant viscosity. Moreover, the fluid shows linear
relationship between the stress and the strain rate at
any point. In the presence of magnetic/electric field, the
suspended particles align themselves in the direction of
applied field and restrict the motion of MR/ER fluid.
The net effect is development of yield stress and appar-
ent viscosity of the fluid. The MR/ER fluid in the pres-
ence of magnetic/electric field thus may not be regarded
as a Newtonian fluid. In this case, shear stress–shear
strain properties of the fluid may be investigated in two
regions, referred to as pre-yield and post-yield regions.
In the pre-yield region, MR/ER fluid behaves viscoelas-
tically and shear stress and shear strain are proportional
in terms of the complex modulus G� given by (Li et al.,
1999)

G�=G0+ iG00 ð1Þ

where G0 is the storage modulus, which determines
average energy stored per unit volume of the material
over a deformation cycle, and G00 is the loss modulus,
which is defined as dissipated energy per unit volume
of material in a deformation cycle (Rajamohan et al.,
2010c).

The adaptive structures containing MR/ER fluids
tend to work in the pre-yield region (Weiss et al., 1994).
While the shear strain amplitude experienced by the

MR/ER fluids is considered as an important factor
which yields the fluids to operate in the pre- or post-
yield region, the applied field strength can also change
their operation regions. In fact, intensifying the applied
field may cause the MR/ER fluids or elastomers to
operate in the post-yield region (Hu et al., 2011).

Hu et al. (2011) reported that in the low range of
strain amplitude (less than 0.5%, which is near the yield
strain of typical MR fluids), the storage modulus of a
typical MRE is nearly constant by increasing the strain
rate, and the MRE is in the linear (pre-yield) region.
This was particularly more evident for magnetic flux
density up to 110 mT. Increasing the magnetic flux den-
sity, however, caused the MRE to work in the non-
linear post-yield region, even in very low range of the
shear strain amplitude, as depicted in Figure 1.

Viscoelastic models representing rheological
properties of MR/ER fluids in the pre-yield region

Several models have been developed to identify the stor-
age and loss moduli of the MR/ER fluids in terms of
applied field and frequency. Depending on the charac-
teristics of these smart fluids, different phenomenologi-
cal constitutive models have been employed to describe
their rheological behavior in the pre-yield regime. It
should be noted that, so far, no comprehensive model
has been developed to describe pre-yield behavior of
these smart fluids (Mohammadi et al., 2010). That is,
depending on the frequency range of interest, applied
external field, and properties of the smart fluid, differ-
ent models should be employed to describe fluids’ beha-
vior. Viscoelastic models are the most common models
to account for rheological properties of the smart fluids
in the pre-yield regime (Gandhi and Bullough, 2005).
These models may be described as a combination of
springs and viscous dashpots. Viscoelastic models are

Figure 1. Variations in the storage modulus of MRE with shear
strain amplitude, under different levels of magnetic flux density
(Hu et al., 2011).
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categorized into two main groups, that is, solid-like
models and fluid-like models.

The most common solid-like models representing the
pre-yield behavior of the MR/ER fluids are Kelvin–
Voigt solid (Mohammadi et al., 2010; Sapiński et al.,
2010; Yen and Achorn, 1991) and three-parameter solid
(Zener element) models (Gamota and Filisko, 1991),
while those of the fluid-like models are Maxwell fluid
(Sims et al., 2004) and three-parameter fluid models
(Kamath and Wereley, 1997), as illustrated in Table 1.
Recently, Li et al. (2010) developed a four-parameter
model to illustrate viscoelastic properties of MREs
under harmonic loading. The storage and loss moduli
of the model, which comprised three-parameter solid
model in parallel with a spring (k00), were expressed as

G0=
(k0k00+ kk00+ kk0) (k + k0)2 + c2v2

h i
+ c2v2k02

(k + k0) (k + k0)2 + c2v2
� �

G00=
cvk02

(k + k0)2 + c2v2
� � ð2Þ

In order to determine whether the solid or fluid
models can identify pre-yield characteristics of a typical
MR or ER fluid accurately, the experimental behavior
of the fluid in terms of energy dissipation in a cycle of
deformation (Yen and Achorn, 1991), stress–strain hys-
teresis data (Tang and Conrad, 1996), stress–strain
response under constant strain rate amplitude
(Sprecher et al.,1987), or variations in the storage and
loss moduli with excitation frequency (Claracq et al.,

2004) can be monitored and compared with those of
the developed models. Yen and Achorn (1991) investi-
gated the loss and storage moduli of an ER fluid in the
pre-yield regime, in the range of 1–100 Hz. Their
experiment reported modest change in the storage
modulus with frequency, which suggests solid-type
behavior of the ER fluid. In this case, the Kelvin–Voigt
solid model could describe complex shear modulus of
the ER fluid, accurately. They also investigated pre-
and post-yield behaviors of ER fluid under low- and
high-amplitude oscillatory vibrations. Figure 2 illus-
trates the pre- and post-yield shear stress responses
(solid lines) of the ER-based device under oscillatory
strain input (dashed line), conducted by Yen and
Achorn (1991). It was observed that under low-
amplitude strain, the stress–strain has a linear relation.
However, increasing the strain amplitude leads the ER
fluid into the post-yield region and stress response is
non-linear. Furthermore, the shear stress and strain
responses are in phase, suggesting negligible damping
and predominant elastic behavior of the ER fluid. Yen
and Achorn (1991) also observed linear variations in
the dissipated energy per cycle of ER device with fre-
quency, which again verified the validity of Kelvin–
Voigt solid model to represent pre-yield characteristics
of the ER fluid. It should be noted that in the Kelvin–
Voigt solid model, the dissipated energy per cycle varies
linearly with the applied frequency.

Claracq et al. (2004) employed a rheometer to deter-
mine the variations in the loss and storage moduli of a
typical MR fluid with frequency. The results suggested

Table 1. Viscoelastic models employed for characterization of MR and ER fluids.

Model Configuration Storage modulus Loss modulus

Solid models
Kelvin–Voigt solid G0= k G00= cv

Three-parameter solid G0=
k0 (k+ k0)k+(cv)2
� �
(k+ k0)2 +(cv)2

G00=
k02cv

(k+ k0)2 +(cv)2

Fluid models
Maxwell fluid G0=

k(cv)2

k2 +(cv)2
G00=

k2cv

k2 +(cv)2

Three-parameter fluid G0=
k(c0v)2

k2 + (c+ c0)vð Þ2
G00=

k2 +(c+ c0)cv2
� �

c0v

k2 + (c+ c0)vð Þ2
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insignificant variations in the storage modulus with fre-
quency while the loss modulus varied linearly. This
behavior could be represented by Kelvin–Voigt solid
model comprising a strong spring in parallel with a
weak dashpot. Tang and Conrad (1996) and Sprecher
et al. (1987) used the variations in the shear stress with
shear strain to identify rheological behavior of MR and
ER fluids, respectively, in terms of excitation frequency
and applied field. Their findings showed linear varia-
tions in the shear stress with shear strain in the pre-yield
region. In these studies, the rheological behaviors of the
fluids suggested application of the solid models such as
three-parameter model to represent the storage and loss
moduli. Sims and Wereley (2003) employed the
Maxwell fluid model to characterize an ER fluid in the
pre-yield regime. In the Maxwell model, the loss and
storage moduli approach 0 in small values of the excita-
tion frequency, while in practice the pre-yield region is
an elastic region and stiffness never fades out. In order
to compensate this error, they employed a bi-viscous
element for the damper in the model. This model, how-
ever, was not a physical model and represented beha-
vior of the fluid mathematically. Considering different
aspects of solid and fluid models, Gandhi and Bullough
(2005) suggested that the solid models are more appro-
priate to identify pre-yield characteristics of the MR/
ER fluids.

Methods of characterizing MR/ER fluids in the
pre-yield region

The MR/ER fluid characterization methods reported
in the literature are generally based on four primary

methods, namely, the oscillatory shear strain
(Mohammadi and Sedaghati, 2012a), rheometry
(Mohammadi et al., 2010; Sun et al., 2003), treating
MR sandwich beam as a single-degree-of-freedom
(SDOF) system (Choi et al., 1990; Rajamohan et al.,
2010c), and standardized test method described in
ASTM E756-05:2002 (Allahverdizadeh et al., 2013c;
Choi et al., 1992; Leng et al., 1997). Review of the stud-
ies on characterization of the MR/ER fluids reveals
that rheometers have been widely used to characterize
the fluids in terms of frequency and applied field. These
devices, which work in either oscillatory or rotational
mode, comprise two parallel plates and the MR/ER
fluids fill the gap between the two plates, as depicted in
Figure 3.

In rotational mode, the lower plate is fixed and the
upper one rotates and a sensor measures the torque
and related external forces (Mohammadi et al., 2010).
The fluid experiences a constant shear strain across the
gap, while the strain varies with radial displacement.
The pre-yield storage and loss moduli of the fluids are
measured at the edge of the top plate (Hirunyapruk
et al., 2010). In the oscillation mode, an oscillating plate
connected to the shaker is placed between two parallel
plates containing the MR/ER fluid. This symmetric
arrangement prevents unwanted coupling between the
in-plane and transverse motion of the central plate
(Sun et al., 2003). Dynamic signal analyzer uses the
measured central plate displacement and axial forces on
the fixed plates to identify the storage and loss moduli
of the fluids in terms of frequency and applied field
(Mohammadi and Sedaghati, 2012a). The measure-
ments may be performed in two different modes,

Figure 2. Pre- and post-yield shear stress responses (solid lines) of an ER-based device under oscillatory strain input (dashed line)
(Yen and Achorn, 1991): (a) pre-yield region and (b) post-yield region.

Figure 3. (a) Real image and (b) schematic diagram of a rotational rheometer (Murata, 2012).
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namely, amplitude sweep mode and frequency sweep
mode (Mohammadi et al., 2010). The amplitude sweep
test varies the amplitude of strain under constant exci-
tation frequency to identify the maximum shear stress
corresponding to the linear behavior of the fluid. Then,
frequency sweep test is employed to find the storage
and loss moduli of the fluid in terms of frequency. It is
worth noting that the frequency sweep test may be con-
ducted in constant shear rate (CSR) or constant shear
stress (CSS) modes (Mohammadi et al., 2010).

Application of sandwich structure as SDOF for pre-
yield characterization of MR/ER fluids is preferable to
the rheometer (Shiang and Coulter, 1996), which is due
to smaller strain amplitude of the fluid in the sandwich
structure compared to the rheometer. Choi et al. (1990)
investigated free vibration of a hollow beam of poly-
styrene filled by ER fluid to find the complex shear
modulus of the fluid. The composite beam was consid-
ered as a viscoelastic element and modeled as an SDOF
system. Considering small thickness of polystyrene
employed to fabricate hollow beam, the shear modulus
of the structure was considered to be equal to that of
the ER fluid. Employing free vibration analysis and
obtaining the natural frequencies and logarithmic
decrement of the structure, the loss and storage moduli
of the fluid were obtained. The developed model, how-
ever, could not capture frequency-dependent behaviors
of the storage and loss moduli. Rajamohan et al.
(2010c) employed the same procedure on MR sandwich
beam of aluminum face layers to characterize the fluid,
but the effect of face layers was not taken into account.
They designed an optimization problem to update the
loss and storage moduli obtained from the experiment
to achieve better agreement with the experimental
results, in terms of resonant frequencies.

ASTM E756-05:2002 (2002) is a standard test for
characterizing viscoelastic materials in the linear
region. The standard employs cantilever sandwich
beam to predict rheology of polymer materials sand-
wiched in the core layer. Choi et al. (1992) employed
this standard to identify rheological behavior of the ER
fluid. They outlined poor accuracy of the method for
demonstrating rheological behavior of the sandwich
beam structures with ER fluid. Their study suggested a
decrease in the derived moduli of the composite beam
with an increase in the applied field. They related this
anomalous behavior to deviation of beam deformation
from the assumptions considered in the American
Society for Testing and Materials (ASTM) equations.
Allahverdizadeh et al. (2013a, 2013c) also employed
this technique to characterize ER fluid in the pre-yield
region. They reported that the standardized ASTM
E756-05:2002 method provides a rough estimation of
the storage and loss moduli of the fluid and is not accu-
rate, which is in part attributed to neglecting contribu-
tion due to the sealant. Furthermore, this method
cannot capture frequency-dependent behavior of the

fluid and is more applicable for sandwich structures
with solid viscoelastic materials as the core layer.
Allahverdizadeh et al. (2013a, 2013b, 2013c) suggested
that the ASTM method should be accompanied by an
optimization process to update and modify the
extracted data. Consequently, they employed particle
swarm optimization (PSO) technique to seek optimal
storage modulus of the ER fluid by matching the reso-
nant frequencies obtained by theory and experiment.
Then, the optimum loss modulus was obtained by
matching the theoretical resonance amplitudes with
those of the experiment.

Mathematical representation of the loss and storage
moduli

It has been widely reported that the storage (G0)
and loss moduli (G00) of the MR/ER fluids, prior to
saturation, can be described by quadratic functions in
the magnetic flux density/electric field (B/E)
(Allahverdizadeh et al., 2013a; Choi et al., 1990;
Mohammadi et al., 2010; Rajamohan et al., 2010a,
2010b, 2010c). This is attributed to rheological beha-
viors of the MR/ER fluids which depend on the
dipole–dipole interactions. These interactions are pro-
portional to the product of B/E and the dipole
moment, P. The dipole moment is also proportional to
B/E prior to the saturation of the MR/ER fluids; con-
sequently, the rheological properties of the MR/ER
fluids such as loss and storage moduli and yield stress
are quadratic functions of B/E (Choi et al., 1990).
Mohammadi et al. (2010) identified rheological proper-
ties of two smart fluids including a ferromagnetic
nano-particle fluid and an MR fluid using rheometer.
In the frequency domain, Kelvin–Voigt solid and the
three-parameter fluid models were employed to repre-
sent the pre-yield behaviors of the ferromagnetic
nano-particle and MR fluids, respectively. They also
suggested quadratic polynomials to represent storage
modulus of the fluids in terms of magnetic field
strength. This model was developed for a limited range
of frequency in which the storage modulus no longer
depends on the excitation frequency. Since no value of
magnetic field was found for which the loss modulus
was independent of frequency, they could not present
explicit functions representing the loss factors in terms
of magnetic field density.

Ginder et al. (1995) reported that although at very
low levels of applied magnetic field, the rheological
properties of the MR fluid may be represented by a
quadratic function in terms of magnetic field strength,
at flux density above linear region but lower than what
is needed for complete saturation of the MR fluid, the
rheological properties of the fluid are proportional to
B3/2. The properties of the magnetically saturated MR
fluid, however, do not depend on the magnetic flux
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density. Yalcintas and Dai (2004) and Mikhasev et al.
(2011) proposed linear functions in terms of magnetic
flux density to represent complex shear modulus of the
MR fluids. Yanju et al. (2001) suggested Hyperbl func-
tions ((aE)=(b+E)) to represent the storage and loss
moduli of a typical ER fluid, where a and b were the
parameters related to the material and excitation fre-
quency and E represented the electric field strength.
Hirunyapruk et al. (2010) proposed two exponential
functions to identify the storage modulus and loss fac-
tor of a typical MR fluid (MRF 140CG) in the pre-
yield region. The frequency-independent equations,
which predicted the storage modulus and loss factor up
to magnetic saturation, were expressed as

G0=G0z +(G0‘ � G0z)(1� e�a1Ba2
)

h=h‘ +(hz � h‘)e
�a3Ba4

ð3Þ

where G0 and h represent the storage modulus and loss
factor, respectively. a1,a2,a3,a4,G0z,G

0
‘,hz,h‘ are the

empirical constants identified by fitting the models to
the experimental data. Figure 4 illustrates the varia-
tions in the storage modulus and loss factor of the fluid
with the magnetic flux density (Hirunyapruk et al.,
2010). The experimental results obtained by rheometer
were shown by bullet points while those obtained by
the developed model were depicted by solid lines. The
results suggest saturation of the fluid around 250 mT.
Furthermore, the storage modulus and loss factor indi-
cate quadratic variations with the magnetic flux den-
sity, in the pre-saturation region.

Equivalent linearized complex moduli of the ER/
MR fluids may be employed to represent the fluids
behavior in the post-yield region (Allahverdizadeh
et al., 2014; Lee, 1995; Lee and Cheng, 1998). The
experiments conducted by Stevens et al. (1987) sug-
gested a constitutive relationship for the ER fluid under
quasi-static shearing as

t =G0g(1� e�(g0=g))+m _g ð4Þ

where t and g denote shear stress and shear strain,
respectively. G0 represents linear shear modulus of infini-
tesimal shear strain. g0, which is a model parameter, and
G0 are the electric field-dependent functions and nor-
mally represented in a quadratic form (Allahverdizadeh
et al., 2013a, 2014; Lee and Cheng, 2000). It should be
noted that the shear stress due to viscosity of the fluid,
m, was much lower than that of the exponential function;
thus, the effect of viscosity neglected from the equation
(Allahverdizadeh et al., 2013a; Lee, 1995). In order to
obtain the pre-yield equivalent moduli at different ampli-
tudes of strain, the hysteresis loop of ER fluid under
sinusoidal strain excitation was constructed. The linear
equivalent storage and loss moduli of the ER fluid in
cyclic loading were obtained to yield the same strain
energy and dissipated energy of the fluid. Having found
the equivalent pre-yield storage and loss moduli of the
fluid, the viscoelastic models could be employed to inves-
tigate dynamic responses of ER/MR sandwich structures
(Allahverdizadeh et al., 2013a; Lee, 1995). It is worth
noting that the pre-yield behavior of MR/ER fluids may
be predicted using post-yield characterization of these
fluids. Choi et al. (1992) and Mohammadi and Sedaghati
(2012a) extrapolated the post-yield characteristics of ER
fluid to identify pre-yield properties. Genc and Phule
(2002) conducted the same analysis for the MR fluids.

Dynamic characteristics of fully treated
MR/ER sandwich beam structures

Fabrication and experimental study of MR/ER
sandwich beam structures

The concept of sandwich structures containing ER and
MR fluids as the core layer was introduced in the
patents issued by Carlson et al. (1990) and Weiss et al.

Figure 4. Variations in the (a) shear storage modulus and (b) loss factor of MRF 140CG with magnetic flux density. Measurement
(+ ) and empirical models (2) (Hirunyapruk et al., 2010).
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(1996), respectively. The primary studies on dynamic
characteristics of MR/ER sandwich structures were
conducted on the multi-layer sandwich beam, which
was due to its relatively simple mechanical model
(Lara-Prieto et al., 2010). Furthermore, the experimen-
tal studies on MR/ER sandwich beam structures have
been mostly conducted on the cantilever sandwich
beams (Berg et al., 1996; Chen et al., 1994; Don and
Coulter, 1995; Gandhi et al., 1989; Phani and
Venkatraman, 2003, 2005; Rajamohan et al., 2010a,
2010b, 2010c; Wei et al., 2011), although some studies
on clamped–clamped (Haiqing and King, 1997) and
simply supported structures (Lee and Cheng, 1998; Sun
et al., 2003; Yalcintas and Coulter, 1995a; Yalcintas
et al., 1995) have also been reported. The MR/ER
sandwich beam, as depicted in Figure 5, consists of two
elastic layers, MR/ER fluid core layer and spacer,
which provides a gap between face layers and prevents
fluid from leakage. It is worth noting that Qiu et al.
(1999) conducted an experiment on five-layer sandwich
structure comprising three elastic and two ER core
layers to increase the effect of fluid in vibration
suppression.

Face layers. Review of literature shows that the elastic
layers employed in the MR sandwich structures were
typically chosen from aluminum strips (Bishay et al.,
2010; Hu et al., 2011; Joshi, 2012; Lara-Prieto et al.,
2010; Rajamohan et al., 2010a, 2010b, 2010c; Sapiński
and Snamina, 2009; Sun et al., 2003; Yalcintas and
Dai, 1999, 2004; Yeh and Shih, 2006a; Zhou et al.,
2006). It is attributed to low damping properties and
relatively high stiffness of aluminum compared to that
of the MR fluid. Furthermore, relative magnetic per-
meability of aluminum is equal to 1, which ensures uni-
form distribution of the magnetic field applied to the
structure (Sun et al., 2003). The face layer materials,
however, have no effect on uniformity of the electric
field applied to the core layer of ER sandwich struc-
tures; hence, different materials such as aluminum
(Choi et al., 1992; Don and Coulter, 1995; Shiang and
Coulter, 1996; Wei et al., 2011; Yalcintas and Coulter,

1995b), steel (Berg et al., 1996; Haiqing and King,
1997; Phani and Venkatraman, 2003), polystyrene
(Choi et al., 1992), and functionally graded material
(FGM) (Allahverdizadeh et al., 2013c) have been
employed to fabricate the ER-based sandwich struc-
tures. MR sandwich beams could also employ some
other materials such as conductive (Choi et al., 2010;
Nayak et al., 2010) and polyethylene (PET)-based
materials (Hirunyapruk et al., 2010; Lara-Prieto et al.,
2010) as the face layers. Hirunyapruk et al. (2010) and
Lara-Prieto et al. (2010) utilized non-metallic materials
of perspex and PET as the elastic layers, respectively.
These materials were transparent and ensured that no
bubbles were left within the fluid during the fabrication
process (Lara-Prieto et al., 2010). Joshi (2012) fabri-
cated an adaptive structure consisting of a cantilever
hollow pipe of stainless steel which encompassed inner
wooden layer and an embedded layer of MR fluid. Due
to rigidity of the structure, the MR fluid was not sub-
jected to significant shear deformation; hence, no
noticeable variations in the dynamic responses of the
structure were reported, in response to the applied
magnetic field.

Choi et al. (2010) employed steel skins and MRE as
the core layer to fabricate an adaptive sandwich beam.
They investigated the effect of steel skin face layers on
disturbing homogeneity of the magnetic flux applied to
the structure. The results illustrate that the sandwich
beam with thick steel skins induces higher value of mag-
netic field than that with thin steel face layer, under the
same external conditions. Furthermore, under dynamic
deformation of conductive skins, motion-induced eddy
current is generated on the face layers so that the mag-
netic field closed to the face layers is disturbed and
magneto-elastic load is applied to the face layers (Zhou
and Wang, 2006c). The magneto-elastic load consists of
Lorenz body force and the surface force caused by the
Maxwell’s stress applied on the surface of the conduc-
tive skins. However, the results suggest insignificant
effect of magneto-elastic loads on the dynamic proper-
ties of the sandwich beam. It should be noted that the
bulk magnetic permeability of the MR fluids is in the
range of 3–9, which is significantly lower than that of
steel (around 500). Therefore, the magneto-elastic force
applied to the MR fluid has no significant effect on the
vibration analysis of the MR-based sandwich structures
(Zhou and Wang, 2006c).

Sealant and spacer. In order to maintain uniform gap
between face layers and contain the fluid as the core
layer, spacer and sealant are required to adhere around
the edges. For this purpose, applications of plastic
spacer (Sun et al., 2003; Wei et al., 2008), silicon rubber
(Allahverdizadeh et al., 2013c, 2014; Berg et al., 1996;
Choi et al., 1992; Yalcintas and Coulter, 1995a), latex
materials (Don and Coulter, 1995; Shiang and Coulter,

Figure 5. Sketch of a sandwich beam structure (Lara-Prieto et
al., 2010).
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1996), polycarbonate (Don and Coulter, 1995; Shiang
and Coulter, 1996; Yalcintas et al., 1995), perspex
(Phani and Venkatraman, 2003, 2005), and Buna-N
rubber (Rajamohan et al., 2010a, 2010b, 2010c) have
been widely reported in the literature, which is due to
flexibility and oil resistance properties of these materi-
als. Bishay et al. (2010) employed aluminum frame to
provide a uniform gap between the face layers of MR-
based sandwich beam. The high flexural rigidity of the
aluminum frame prevented the structure to experience
significant shear deformation in the core layer; hence,
the effect of MR fluid on the dynamic characteristics of
the structure was insignificant, in response to applied
magnetic field. Application of PET frame and tape for
sealing the MR fluid have also been reported by Lara-
Prieto et al. (2010) and Hirunyapruk et al. (2010),
respectively. Some studies have considered the effect of
the sealant and spacer in the mathematical modeling
(Allahverdizadeh et al., 2013c, 2014; Bishay et al.,
2010; Kang et al., 2001; Lee, 1995; Rajamohan et al.,
2010a, 2010b, 2010c). They employed rule-of-mixture
to account for the effect of silicon rubber on the com-
plex shear modulus of the core layer. Based on rule-of-
mixture, the homogenized complex shear modulus of
the middle layer can be expressed as

�G=Gr

br

b

� �
+G� 1� br

b

� �
ð5Þ

where Gr and G� are the shear moduli of the rubber
and fluid, respectively, while br and b are the associated
widths of the rubber and sandwich beam, respectively.
The material properties of the rubber may be provided
by experiment (Lee and Cheng, 1998) or supplier
(Rajamohan et al., 2010c).

Applying magnetic/electric field over MR/ER sandwich
structures. While application of magnetic field over MR
sandwich structure was accompanied with some com-
plexities which limited maximum applied field and cov-
erage area, the electric field over ER sandwich
structures could be provided easily. The face layers of
ER sandwich structures served as the electrodes for the
applied electric field through high-voltage power sup-
ply (Choi et al., 1993, 1994; Wei et al., 2007, 2011). The
maximum electric field strength reported in the litera-
ture is in order of 4 kV mm21. A thorough review of
the reported studies shows that the permanent magnets
were widely used to generate magnetic flux over the
MR sandwich structures. Different intensities of the
magnetic field were realized by varying the vertical
position of the permanent magnets with respect to the
sandwich structure. The vast majority of the reported
studies using permanent magnets with MR sandwich
beam structures have considered substantially low field
density, well below the magnetic saturation of the fluids
(around 700 mT). Rajamohan et al. (2010a, 2010b,

2010c) characterized the fluid properties and evaluated
responses of an MR sandwich beam under the field up
to 50 mT. Joshi (2012), Yalcintas and Dai (1999, 2004),
Sun et al. (2003), Bishay et al. (2010), and Hu et al.
(2011) conducted similar studies with fields up to 55,
70, 90, 100, and 100 mT, respectively. It is very difficult
to achieve a uniform field density of higher magnitude
with permanent magnets, partly due to limited clear-
ance between the structure and the magnets, although
it would be possible to realize a stronger field locally at
some points on the structure. Choi et al. (2010) and
Lara-Prieto et al. (2010) used somewhat higher field
density in the order of 300 and 320 mT, respectively.
The magnetic flux distributions over the structures in
these two studies were non-homogenous, which was
attributed to the usage of several magnets to generate
the magnetic flux. In these studies, the magnets were
located inside aluminum housings at top and bottom of
the MR beam. Since the magnets located in each hous-
ing had the same polarity, they repelled each other
resulting in gaps between the magnets and thereby non-
homogenous magnetic field. Hirunyapruk et al. (2010)
employed electromagnet to generate a local magnetic
flux of 205 mT over small portion of a tunable
MR-filled beam-like vibration absorber.

Experiment methods on MR/ER sandwich beam
structures. Three main experiments have been con-
ducted to characterize dynamic responses of the MR/
ER multi-layer beam structures in terms of natural fre-
quency and damping properties: free vibration (Choi
et al., 1990; Gandhi et al., 1989; Joshi, 2012; Lara-
Prieto et al., 2010; Leng et al., 1997; Rajamohan et al.,
2010c), impact hammer (Lara-Prieto et al., 2010; Lu
and Li, 2007), and shaker excitation (Allahverdizadeh
et al., 2013c, 2014; Bishay et al., 2010; Choi et al., 2010;
Hirunyapruk et al., 2010; Joshi, 2012; Rajamohan
et al., 2010a, 2010b, 2010c; Sun et al., 2003; Zhou and
Li, 2003). Lara-Prieto et al. (2010) employed three
mentioned methods to investigated dynamic responses
of MR sandwich beam. Their results suggest that
although the applied force in each case was different
and the structure vibrated at different amplitudes, the
acquired natural frequencies of the structure were
almost the same. Furthermore, pure forces could not
be applied to the structure without any interaction
between the exciter and structure. In other words, the
mass and stiffness effects of the hammer tip and shaker
attachment caused some discrepancies between the the-
oretical and experimental results. The acceleration
responses of the MR/ER sandwich structures were
measured by accelerometers mounted on the face
layers. Although single-axis accelerometers were widely
used to measure vibration responses of the structures
(Allahverdizadeh et al., 2013c, 2014; Rajamohan et al.,
2010a, 2010b, 2010c), application of laser sensors (Choi
et al., 2010) and eddy current probe (Lee and Cheng,
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1998; Wei et al., 2007, 2011) for measuring vibration
displacement and laser vibrometer (Lara-Prieto et al.,
2010) for measuring velocity have also been reported.
The measured signals were analyzed in the signal analy-
zer and the natural frequencies and damping properties
of the sandwich beam structures were subsequently
identified from the peaks in the frequency response
functions. Figure 6 shows schematic of a typical experi-
mental setup representing shaker excitation of a cantile-
ver MR sandwich beam.

Mathematical modeling of MR/ER sandwich beam
structures

In the view of viscoelastic behavior of MR/ER fluids in
the pre-yield region, all the models demonstrating
vibration characteristics of viscoelastic sandwich struc-
tures are also potentially applicable to MR/ER adap-
tive structures. The first model, demonstrating dynamic
responses of viscoelastic sandwich structures, was pro-
posed by Ross et al. (1959). This model, which is known
as Ross-Kerwin-Ungar (RKU), is based on a modified
Euler–Bernoulli beam equation and was expressed as

m(x)
∂2w

∂t2
+

∂2

∂x2
EI

∂2w

∂x2

� �
= 0 ð6Þ

where m(x) is the mass per unit length and EI denotes
the flexural rigidity of the structure, which is presented
in terms of material properties and geometry of the vis-
coelastic sandwich beam. DiTaranto (1965) presented a
sixth-order differential equation to characterize govern-
ing equations of motion of a three-layer viscoelastic
beam structure. Subsequently, Mead and Markus
(1969, 1970) modified the DiTaranto model and took
the effects of beam transverse inertia into account.

Furthermore, in contrast to DiTaranto model, which
was applicable to simply supported boundary (SSB)
condition under special class of forced vibration, the
Mead and Markus (MM) model could investigate the
sandwich structures under different geometry boundary
conditions. The MM model can be expressed as

∂6w

∂x6
� g(1+ Y )

∂4w

∂x4
+

m(x)

EI

∂4w

∂x2∂t2
� g

∂2w

∂t2

� �

=
1

EI

∂2q(x, t)

∂x2
� gq(x, t)

� � ð7Þ

where m(x) is the mass per unit length, and g, Y, and EI
are defined based on geometry and material properties
of the sandwich beam. q(x, t) also represents the harmo-
nic loading over the sandwich structure.

Coulter et al. (1989) and Coulter and Duclos (1990)
employed RKU model to investigate dynamic
responses of ER sandwich beam structures. Application
of DiTaranto and MM models for characterizing vibra-
tion behavior of the MR/ER-based sandwich beams
has also been widely reported (Hu et al., 2006;
Yalcintas and Coulter, 1995a, 1995c, 1998; Yalcintas
and Dai, 1999; Yeh and Shih, 2005). Mahjoob et al.
(1993) provided a comparison between the results
obtained by RKU and MM models and those of the
experiment on an ER-based sandwich beam. They sug-
gested more realistic dynamic behavior of the structure
predicted by MM model. It is worth noting that since
these models have been developed for viscoelastic mate-
rials, they might show some inaccuracies in the analysis
of MR/ER fluid structures. For instance, Coulter and
Duclos (1990) conducted an experiment on ER sand-
wich structure and realized that application of RKU
underestimates both modal frequencies and damping of
the structure. They attributed this discrepancy to

Figure 6. Schematic experimental setup conducted based on vibration excitation of MR sandwich beam (Eshaghi et al., 2015a).
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deviation between the theoretical assumptions and the
experimental model. Don and Coulter (1995) suggested
that the RKU and MM models can adequately predict
dynamic behavior of ER-based adaptive structure if the
core layer thickness is uniform and strain in the sand-
wiched layer is uninhibited.

Finite element (FE) method is the most reported
approach in vibration analysis of the MR/ER sandwich
structures (Allahverdizadeh et al., 2012, 2013a, 2013c,
2014; Bishay et al., 2010; Hirunyapruk et al., 2010; Lee,
1995; Mohanty, 2013; Nayak et al., 2012b; Rajamohan
et al., 2010a, 2010b, 2010c, 2013; Rezaeepazhand and
Pahlavan, 2008a; Wei et al., 2011; Zhou et al., 2006).
This method employs potential and kinetic energy of
the structures and represents the governing equations
of motion in a matrix form as follows

½m�f€xg+ ½k�fxg= ff g ð8Þ

where [m], [k], and ff g are the mass matrix, stiffness
matrix, and force vector, respectively. Furthermore,
application of Hamilton energy method (Chen and
Hansen, 2005; Choi et al., 2010; Dwivedy and Srinivas,
2011; Rezaeepazhand and Pahlavan, 2008a; Sun et al.,
2003; Yeh et al., 2004) and Ritz method (Rajamohan
et al., 2010a, 2010b, 2010c; Rajamohan and
Ramamoorthy, 2012) has been widely reported. Sun
et al. (2003) employed Hamilton principle to derive
governing equations of motion of MR-based sandwich
beams, as follows

r
∂2w

∂t2
+ 2Ef If

∂4w

∂x4
� G�bh2

∂2w

∂x2
� ∂u

∂x

� �
= f (x, t) ð9Þ

where r, Ef , If , and G� denote the density of the beam,
Young’s modulus of each surface layer, moment of iner-
tia at the centroid of elastic layer, and complex shear
modulus of the core layer, respectively. Furthermore, b
and h2 are the beam width and core layer thickness,
respectively, and f (x, t) and u(x, t) represent the external
force applied to the structure and cross-sectional rota-
tion, respectively. The Ritz method employs admissible
basis functions to describe displacement of the structure,
which satisfy the geometry boundary conditions. For
example, the radius-dependent displacement amplitude
functions in radial (u), circumferential (v), and transverse
(w) directions of an annular circular plate can be
described by polynomial functions multiplied by the
boundary functions, such that

u(r)=F1(r)H1(r)
XN

k = 0

bkrk

v(r)=F2(r)H2(r)
XN

k = 0

ckrk

w(r)=F3(r)H3(r)
XN

k = 0

lkrk

ð10Þ

where bk, ck, and lk are the unknown coefficients of the
polynomial functions and Fi(r) andHi(r) are the bound-
ary functions describing the inner and outer edges of
the annular plate, respectively. The boundary functions
are defined according to the given geometry boundary
conditions. k is an integer and N denotes the highest
degree of polynomials representing the displacement
amplitude functions. This method represents governing
equations of motion as follows

(K� v2M)C= 0 ð11Þ

where K and M are the stiffness and mass matrices,
respectively, and C is the vector of arbitrary coeffi-
cients, used to define displacement fields. It is worth
noting that all the above-mentioned methods assumed
that the normal stress in the core layer was neglected
which was due to negligible Young’s modulus of the
MR fluid compared to the elastic layers. The fluid layer
thickness was assumed to be very small compared to its
length and the slippage between the elastic and fluid
layers was neglected. The shear strain and stress com-
ponents in the elastic layers were considered to be negli-
gible, and classical plate theory assumptions were
applicable which was due to very small thickness of the
elastic layers compared to the length of the beam. The
transverse displacement through the structure was con-
sidered uniform, and the damping due to elastic layers
was also assumed to be negligible (Bishay et al., 2010;
Rajamohan et al., 2010a, 2010b, 2010c; Sun et al.,
2003; Yalcintas and Dai, 1999, 2004). Table 2 sum-
marizes the models and methods employed to represent
governing equations of motion of the sandwich beam
structures.

Some studies, however, have not implemented afore-
mentioned assumptions and modeled the sandwich
structures with less simplifications. Choi et al. (2010)
employed higher order sandwich beam theory and
assumed that the applied load could change the thick-
ness of the core layer and core layer cross section may
not remain planar. Nayak et al. (2012b) presented a
vibration analysis on the MR sandwich beam using two
different assumptions and compared the results. In the
first case, the classical theory was employed and only
the potential energy due to shear deformation of the
core layer was considered. In the second case, higher
order theory was used to derive governing equations of
motion of the structure, and in addition to shear defor-
mation, the potential energy due to transverse and axial
deformations in the core layer was considered. The
results suggested an insignificant increase in the stiffness
and damping properties of the structure under second
assumptions compared to those of the first assump-
tions. Furthermore, the response amplitudes in the sec-
ond case were found to be less than that of the classical
plate theory. Allahverdizadeh et al. (2013b) suggested
that the fourth natural frequency of an ER sandwich
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beam, obtained by Timoshenko and Euler–Bernoulli
theories, showed 3% and 16% deviation from the
experiment, respectively, when the thickness ratio
(thickness to length) of the face layers increased up to
0.1.

Observations and findings

Effect of applied field on the natural frequencies of MR/ER
sandwich beams. The reported studies on the dynamic
responses of MR/ER multi-layer sandwich beams sug-
gest an increase in the natural frequencies of the struc-
tures with increasing the magnetic/electric field. This
phenomenon, which was reported in several studies
(Allahverdizadeh et al., 2012, 2013a, 2013c, 2014; Choi
et al., 1989a, 1989b, 1989c; Choi and Park, 1994;
Rajamohan et al., 2010a, 2010b, 2010c; Sepehrinour
and Nezami, 2012; Yalcintas and Coulter, 1995a,
1995b, 1995c; Yeh and Shih, 2005), can be attributed to
an increase in the complex shear modulus of the MR/
ER fluids with increasing the applied field. However,
few studies (Bishay et al., 2010; Choi et al., 2010; Hu
et al., 2011; Lara-Prieto et al., 2010) reported decrease
in the natural frequencies of the MR-based sandwich
beam structures with an increase in the applied mag-
netic field. Bishay et al. (2010) believed that a decrease
in the natural frequencies was attributed to the damp-
ing effect of MR fluid which was higher than its stiff-
ness effect. Choi et al. (2010) reported that a decrease in
the natural frequencies was due to the magnetic pre-
load. The magnetic preload increased the flexibility of
the sandwich structure and decreased the natural fre-
quencies (Yin et al., 2006). Lara-Prieto et al. (2010) illu-
strated that shifting to the lower frequencies in response
to increasing the applied magnetic field was attributed
to non-uniform magnetic field over the structure, which
would also lead to non-uniform concentration of the
magnetic particles and stiffening effect of the MR fluid
along the sandwich beam. However, the last justifica-
tion seems more realistic, since no study has reported a
decrease in the natural frequencies of fully treated ER
sandwich beam in response to increasing the electric

field which might be attributed to uniform electric field
applied to the ER-based structures.

The variations in the natural frequencies of ER
sandwich structures subjected to an electric field are
less significant than those of the MR-based structures
in response to the magnetic field (Yalcintas and Dai,
1999). Some studies reported insignificant variations in
the resonant frequencies of ER sandwich structures in
response to the electric field (Rezaeepazhand and
Pahlavan, 2008a; Wei et al., 2007). Based on the study
conducted by Phani and Venkatraman (2005), although
ER fluid filled beam with starch particle concentration
of 30% showed no significant variations in the reso-
nant frequencies, in response to the applied electric
field, a linear relationship between these two items
could be observed in an ER-based sandwich beam with
40% starch particle concentration. It is widely reported
that the variations in the resonant frequencies of MR/
ER-based sandwich beam structures with applied mag-
netic/electric field are almost linear (Allahverdizadeh
et al., 2013a; Choi et al., 1992; Coulter and Duclos,
1990; Rajamohan et al., 2011). Don and Coulter (1995)
announced that although the experimental results indi-
cated linear variations in the resonant frequencies of
ER sandwich beam with respect to the applied electric
field, the theoretical results showed a parabolic rela-
tionship. They believed that linear resonance–electric
relationship reported in the experiment was due to
overfilling of the core layer. Lu and Li (2007) proposed
an exponential function to relate the resonant frequen-
cies of ER-based sandwich beam to the applied electric
field as

rfi = rfo +AeE=t ð12Þ

where rfi = fi=fio represents the ratio of ith natural fre-
quency of the sandwich beam under electric field of E
to that of the structure with no electric field, fio. rfo, A,
and t are the regression coefficients.

Effect of applied field on the loss factors and deflection of MR/
ER sandwich beams. Damping properties of adaptive

Table 2. Mathematical models employed to identify dynamic response of MR/ER sandwich beams.

Model Equation
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MM: Mead and Markus.
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sandwich structures have been widely studied in terms
of loss factor (Bishay et al., 2010; Choi et al., 2010;
Nayak et al., 2010, 2012a, 2012b; Rajamohan et al.,
2010a, 2010b, 2010c, 2013; Sun et al., 2003; Yalcintas
and Dai, 1999, 2004; Yeh and Shih, 2006a, 2006b). The
loss factor is defined as the ratio of imaginary to real
component of complex eigenvalues (Rajamohan et al.,
2010c; Sun et al., 2003). The loss factor relates to the
dissipated energy as proportion of the stored energy of
a material per radian. Although qualitative trend of
variations in the natural frequencies of MR/ER sand-
wich structures in response to the magnetic/electric
field is predictable, the structural loss factors exhibit
different behaviors. The variations in the loss factors of
MR/ER sandwich beam structures under magnetic/
electric field depend on both the loss and storage mod-
uli of the fluids. Depending on the behaviors of these
moduli, the structural loss factor may be a subject of
decrease (Haiqing et al., 1993; Yalcintas and Coulter,
1995b, 1995c) or increase (Choi et al., 1992; Wei et al.,
2007; Yalcintas and Coulter, 1995c) with increasing the
applied field. In addition to the fluid moduli, the excita-
tion frequency and beam geometry significantly con-
tribute to the variations in the loss factor of the
structures under applied field. Lara-Prieto et al. (2010)
reported 41% increase in the damping ratio of an MR-
based sandwich beam with PET face layers, while the
applied magnetic field reached up to 110 mT. The
study conducted by Joshi (2012) suggested 59%
increase in the damping ratio of an MR multi-layer
beam structure with aluminum elastic layers while the
magnetic flux density increased from 30 to 55 mT. The
more significant increase in damping of aluminum
sandwich structure compared to PET one might be
attributed to negligible damping of aluminum face
layers, while in PET sandwich beam the face layers
contributed to the damping properties of the structure,
significantly. Therefore, application of magnetic field
caused more significant variations in the damping of
aluminum sandwich beam compared to PET one.

It is widely reported that the loss factors corre-
sponding to the lower modes of MR/ER-based

sandwich structures increase with increasing the
applied field and this trend is reversed as the applied
field increases further (Allahverdizadeh et al., 2012;
Haiqing et al., 1993; Rajamohan et al., 2010c;
Yalcintas and Coulter, 1995c). This might be attrib-
uted to the variations in the storage modulus and loss
modulus of MR/ER fluids with magnetic/electric field.
Li et al. (2005) employed rheometer to investigate pre-
yield dynamic properties of a typical MR fluid under
different levels of magnetic flux. They identified four
field-induced regions, I, II, III, and IV, in the system.
These regions were defined by three values of critical
magnetic flux density, Bc1, Bc2, and Bc3, as depicted
in Figure 7. In the first region, the fluid, which was
subjected to very low magnetic flux, exhibited
Newtonian behavior and experienced coexisting of
particles and random chains. The storage modulus
was almost constant, while the loss factor increased
slightly with magnetic flux. The storage modulus and
loss factor increased significantly in the second region
in which the MR fluid was a mixture of chains and
random clusters. In the third region, the fluid experi-
enced coexisting of the clusters and chains and the
storage modulus and loss factor sharply increased and
decreased, respectively. The last region contained
saturated MR fluid, and rheological properties of the
fluid showed no variation with the applied magnetic
field. In this region, the particle chains formed stable
clusters in the direction of applied magnetic field.
These four regions may interpret variations in the
storage modulus and loss factor of the MR/ER sand-
wich structures with respect to the applied field.

The adjustable stiffness and damping properties of
MR/ER fluids enable adaptive sandwich structures to
suppress unwanted vibration and decrease instability
(Dwivedy and Srinivas, 2008; Tylikowski, 2002). Hu
et al. (2006) suggested a significant decrease in the dis-
placement amplitude and notable rightward shift in the
resonant frequencies of MR-based sandwich beam
structures, in response to the applied magnetic field.
Both the stiffness and damping of the sandwich struc-
tures could be substantially varied by varying the

Figure 7. Variations in the (a) storage modulus (Pa) and (b) loss factor of a typical MR fluid with magnetic flux density (Li et al.,
2005).
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applied magnetic field. The monotonic decrease in the
displacement amplitude could be directly attributed to
an increase in both the stiffness and damping of the
structure with increasing magnetic field. It has also
been reported that higher magnetic flux reduces sharp-
ness of the peaks in frequency response function of the
structure, which is attributed to an increase in the
damping of the sandwich beam (Sun et al., 2003). Ying
and Ni (2009) employed a cantilever sandwich beam
with MRE core and supplemental mass under stochas-
tic support motion excitation to model a smart compo-
site wall with floor and equipment. The results show
significant effect of the core layer in minimizing the
velocity response of the sandwich beam.

Effects of different parameters on dynamic responses of MR/
ER sandwich beams. Irrespective of applied magnetic/
electric field, some other parameters such as material
and thickness of the face layers (Allahverdizadeh et al.,
2012, 2013a, 2014; Choi et al., 1992; Rezaeepazhand
and Pahlavan, 2008a), fluid thickness (Mohanty, 2013;
Rezaeepazhand and Pahlavan, 2008a; Yeh et al., 2004),
boundary conditions (Allahverdizadeh et al., 2013a;
Lee and Cheng, 1998; Yalcintas and Coulter, 1995a,
1995b, 1995c), external disturbances (Allahverdizadeh
et al., 2012; Wei et al., 2007), modes of vibration (Lu
and Li, 2007; Yalcintas and Coulter, 1995a), and tem-
perature (Gandhi et al., 1989) may also change the nat-
ural frequencies, loss factors, and vibration amplitude
of the MR/ER-based sandwich structures. Yeh and
Shih (2005) suggested an increase in the loss factor of
the ER sandwich structures with core layer thickness.
The study of Rezaeepazhand and Pahlavan (2008a)
showed that increasing the core layer thickness
increased the settling time in transient response of the
sandwich beam structure, which was attributed to
increasing mass of the structure and decreasing the
shear deformation in the core layer. This behavior
might be attributed to low applied electric field
employed in the study. It is worth noting that irrespec-
tive of boundary condition, the region of instability for
the MR/ER sandwich beam under axial load starts at a
higher frequency compared with the untreated struc-
ture (Dwivedy et al., 2009; Dwivedy and Srinivas, 2011;
Nayak et al., 2012a). It should be noted that in these
studies, the structure was subjected to an axial load
consisting of constant static and harmonic variable
loads. Furthermore, increasing MR/ER core layer
thickness may increase critical dynamic loading of the
sandwich structures (Dwivedy et al., 2009; Dwivedy
and Srinivas, 2011; Nayak et al., 2012a; Tabassian and
Rezaeepazhand, 2011, 2013; Yeh et al., 2004; Yeh and
Shih, 2005, 2006a, 2006b). The instability region
decreases with application of the static magnetic field
over the structure (Nayak et al., 2012a; Yeh and Shih,
2006a, 2006b).

Allahverdizadeh et al. (2012) investigated the effect
of face layer materials on dynamic characteristics of
ER sandwich beam. They conducted a vibration analy-
sis on the rotating ER sandwich beam with face layers
of FGM, which was a mixture of ceramic and metal.
Their study showed that increasing the FGM volume
fraction index at constant rotating speed decreased
(increased) the natural frequencies (loss factors) of the
structure. It was attributed to lower stiffness of the
metallic part compared to ceramic component. In fact,
increasing the FGM volume fraction enhanced contri-
bution of metallic part in face layer material and
decreased stiffness of the structure. They also reported
an increase and decrease in the natural frequencies and
loss factors of the structure, respectively, as the rotating
speed increased. This was also reported by Rajamohan
(2013) and Rajamohan and Natarajan (2012) for rotat-
ing MR sandwich beam structures. Wei et al. (2006,
2007) related this phenomenon to increasing stiffness of
the sandwich beam and instability of the suspended
particles at higher rotor speed. It is worth noting that
the vibration suppression capability of rotating ER
fluid decreases by increasing the rotational speed, while
it is not affected by rotating acceleration (Wei et al.,
2007). The schematic and real image of a rotating ER
fluid is shown in Figure 8. Nayak et al. (2014) investi-
gated dynamic stability of rotating sandwich beam with
MRE core layer. They reported significant improve-
ment in stability of the system in response to increasing
magnetic field, rotational speed, and ratio of hub
radius to beam length. Yalcintas and Coulter (1995a)
investigated the effect of geometry boundary condition
on the natural frequencies and loss factors of ER sand-
wich beam and realized that the higher constrained
boundary conditions elevated the natural frequencies
and reduced the loss factors of the structure, which was
due to small shear deformation experienced by the core
layer. Similar results were also reported for MR sand-
wich beam by Rajamohan et al. (2010c).

Choi et al. (2010) illustrated frequency-dependent
behavior in the loss factors of an MRE sandwich beam,
experimentally and theoretically. They suggested rela-
tively stronger influence of excitation frequency on the
loss factors, under low level of magnetic flux density
compared to that of higher magnetic flux. This might
be attributed to relatively stronger adhesion of mag-
netic particles under the higher magnetic flux, where
the vibration frequency effect became less significant
(Li et al., 1999). Yalcintas and Dai (1999) reported a
decrement in the loss factors of an MR-based sandwich
structure with increasing the mode numbers. It was
believed that the loss factor reduction was attributed to
low shear deformation of the structure in higher fre-
quencies. The results presented by Yalcintas and
Coulter (1995b), however, show some exceptions in the
clamped-free ER sandwich beam so that the loss factors
corresponding to the first two modes were smaller than
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those of other modes. They attributed it to the mode
shapes of the sandwich beam structure. The wavelength
of clamped-free sandwich beam corresponding to the
first mode was smaller than those of the other end con-
ditions, which resulted in reducing the shear deforma-
tion of the core layer. It is widely reported that the loss
factors corresponding to the lower modes of MR/ER-
based sandwich structures increase initially with the
excitation frequency and then decrease as the excitation
frequency increases further (Yalcintas and Coulter,
1995b, 1995c). The dynamic responses of ER sandwich
structures are also highly temperature dependent.
Gandhi et al. (1989) outlined less significant increment
of the resonant frequencies and damping ratios of ER
sandwich beam with respect to the applied electric field
at higher temperature, which was attributed to adverse
effect of the temperature on electro-viscous phenom-
enon of the ER fluids.

Non-linear analysis of MR/ER sandwich beam
structures. While most of the studies on dynamic char-
acteristics of MR/ER sandwich structures assumed the
core layer to operate in the pre-yield region, the non-
linear behaviors of the MR/ER sandwich structures
have also been reported (Allahverdizadeh et al., 2014;
Lee and Cheng, 1998; Phani and Venkatraman, 2005;
Qiu et al., 1999; Rezaeepazhand and Pahlavan, 2008a).
Lee and Cheng (1998) showed that the effect of applied
electric field on the non-linear natural frequencies and
loss factors of the ER sandwich structure decreased
with increasing the vibration amplitude. Phani and
Venkatraman (2005) suggested a decrease in the loss
factors of ER sandwich beam with vibration amplitude,
in the non-linear region. They believed that the inverse
relation between the loss factor and vibration ampli-
tude indicated coulomb friction type of damping in the
core layer. Rezaeepazhand and Pahlavan (2008a)
employed Bingham model to investigate transient

response of a sandwich beam with ER core layer in the
post-yield regime. Their results showed negligible con-
tribution of the viscous damping component of the core
layer in the damping properties of the structure, com-
pared to the damping component associated with
applying electric field (coulomb damping).
Allahverdizadeh et al. (2014) compared dynamic char-
acteristics of an ER sandwich beam assuming ER fluid
in the pre- and post-yield regions. They reported an
increase in the non-linear frequency ratio
(vnon�linear=vlinear) of the ER sandwich beam with
increasing vibration amplitude, while the structure was
under electric field of 2 kV mm21. They attributed this
trend to typical hardening behavior of the structure in
large vibration amplitude. Furthermore, they suggested
a decrease in the loss factor ratio of the structure by
increasing the vibration amplitude, which was due to
the smaller force required to break chains of dielectric
particles in the ER fluid. Their study showed that the
non-linear frequency or loss factor ratios were not
equal to 1, even at very low range of vibration ampli-
tude. This verifies non-linear behavior of MR/ER
fluids under high magnetic/electric field, irrespective of
shear strain amplitude.

Haiqing et al. (1993) employed ER fluid as a com-
plex spring under a cantilever beam, as depicted in
Figure 9. The results showed that increasing the applied
electric field increased the stiffness and damping
properties of the structure in non-linear fashion so that
the frequency response function curve changed its
shape in different amplitudes of excitation force. This
study illustrated that the vibration characteristics of
ER-based sandwich structure could be considered to
be linear in very low (E = 0 kV mm21) and high
(E = 5 kV mm21) electric field strengths, while beha-
vior of the system was non-linear at medium range of
electric field (E = 3 kV mm21). They related the non-
linearity to simultaneous contributions of the pre-yield

Figure 8. (a) Real image and (b) schematic diagram of a rotating ER fluid (Wei et al., 2007).
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and post-yield deformations on the system vibration.
Phani and Venkatraman (2005) outlined that the linear
behavior of the structure in low electric field strength
indicates dominate contribution of the elastic face
layers in the flexural dynamics relative to the ER fluid
core layer.

Disagreements between the theoretical and experimental
results on MR/ER sandwich beam structures. In the study of
MR/ER sandwich beam structures, some discrepancies
between theoretical and experimental results may be
observed. Don and Coulter (1995) reported significant
disagreement between the theoretical and experimental
results on dynamic characteristics of an ER sandwich
beam. Figure 10 shows the variations in lower two nat-
ural frequencies of the sandwich ER beam with electric
field, obtained from the experiment and RKU model.
They attributed discrepancy of the results to overfilling
of the core layer. Their study showed that overfilling
increased mass of the structure and reduced the effec-
tive electric field, which was due to an increase in the
sandwiched layer spacing. Furthermore, they found
that extensive testing caused the liquid component of
the ER material to seep through corners of the structure
and increase the volume fraction of particles suspended

in the fluid which resulted in changing rheological beha-
vior of the fluid in response to the electric field. Lee and
Cheng (1998) considered complexities in accurate mod-
eling of the boundary condition as a source of error in
their study. Several studies have considered inaccurate
characterization of MR/ER fluids as a source of error
in the experimental studies (Coulter and Duclos, 1990;
Coulter et al., 1989, 1993c; Don, 1993; Yalcintas and
Coulter, 1995b). Yalcintas and Dai (2004) related the
disagreement between theory and experiment to
neglecting the effect of sealant in the mathematical
modeling, non-uniformity of magnetic/electric field,
and additional unwanted constraints existing in the
experimental setup. The sealant increases the stiffness
and damping of the structure. Choi et al. (2010) attrib-
uted the discrepancies to coupling between the sand-
wich beam and the test rig, bonding between skin and
core layers, and possible non-linearity in the sand-
wiched layer.

The study conducted by Sun et al. (2003) on MR
sandwich beam involved significant disagreement
between the theoretical and experimental results. This
deviation was more noticeable, when the structure
vibrated in the low vibrational modes. They believed
that deviation of the results might be attributed to dif-
ferent layouts of the sandwich beam in the experiment
and theory. In the theoretical analysis, it was assumed
that the structure was placed between two permanent
magnets horizontally. In the experiment, in order to
eliminate the effect of bending of the beam due to its
weight, the structure was placed perpendicularly
between permanent magnets. Figure 11 shows the hori-
zontal and vertical configurations of MR sandwich
beams. Yalcintas and Dai (2004) and Lara-Prieto et al.
(2010) have also addressed the concerns regarding hori-
zontal position of the MR sandwich structure. Wei
et al. (2007) employed ER fluid to attenuate vibrations
of the robot arm for IC packaging. They modeled the

Figure 10. Variations in the (a) first and (b) second natural frequencies of ER-based sandwich beam with applied electric field (Don
and Coulter, 1995).

Figure 9. ER fluid as complex spring applied to a cantilever
beam (Haiqing et al., 1993).
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arm as a rotating sandwich beam containing ER fluid.
Their study revealed that although there was a qualita-
tive agreement between the theoretical and experimen-
tal results, the predicted resonant frequencies and loss
factors were higher and lower than experimental
results, respectively. They attributed these differences
to fabrication of the test beam and inaccuracies in the
boundary conditions. Although theory assumes uni-
form thickness of three layers, it was not achievable in
the experiment due to bending of the elastic layers and
non-uniform adjustments of the sealant material.

Dynamic characteristics of fully treated
MR/ER sandwich plates and shells

MR/ER sandwich plates with rectangular face layers

Compared to multi-layer MR/ER beam structures,
fewer studies have been reported on sandwich plates
containing MR/ER fluids as the core layer. The studies
on vibration behavior of sandwich plates have been
mostly limited to ER-treated ones (Coulter et al.,
1993a, 1993b; Rezaeepazhand and Pahlavan, 2008b;
Yeh and Chen, 2004, 2005) and very few studies have
investigated dynamic properties of MR sandwich plates
(Pranoto et al., 2004; Ramamoorthy et al., 2014; Yeh,
2013; Ying et al., 2012, 2014). So far, no experimental
study has been reported on the vibration analysis of
fully treated MR-based sandwich plates, which is per-
haps due to various challenges associated with provid-
ing a uniform magnetic flux over the structure. Review
of literature shows that appropriate applications of
MR/ER core layers increase controllability (Cho et al.,
2005) and stability (Rahiminasab and Rezaeepazhand,
2013) and decrease vibration amplitude (Hasheminejad
and Maleki, 2009) of the sandwich plates, remarkably.
Rahiminasab and Rezaeepazhand (2013) employed ER
fluid to change flutter boundaries of sandwich struc-
tures. They reported significant effect of ER core layer
on aerodynamic stability of the sandwich plates. In

fact, application of electric field caused flutter to occur
at higher aerodynamic pressure, which was mostly
attributed to increasing stiffness of the structure. A
similar study was conducted by Hasheminejad and
Motaaleghi (2014) to investigate active flutter suppres-
sion of sandwich shell containing ER fluid, under axial
supersonic gas flow.

Mathematical modeling of MR/ER sandwich plates. MR/ER
sandwich plate, as depicted in Figure 12, comprises
base layer, sealant spacer, constraining layer, and MR/
ER fluid as the core layer. The assumptions employed
in the analysis of adaptive sandwich beams (no slippage
between the layers, uniform transverse displacement
through the thickness, and negligible normal stress and
transverse shear strain in the core and face layers,
respectively) are also applicable for the analysis of the
MR/ER plate structures (Choi et al., 1999;
Hasheminejad and Maleki, 2009; Lu and Meng, 2006;

Figure 11. (a) Horizontal and (b) vertical positions of MR sandwich beam (Lara-Prieto et al., 2010).

Figure 12. A sandwich plate with MR/ER fluid core layer
consisting of (a) constraining top layer, (b) sealant spacer, and (c)
base layer (Eshaghi et al., 2015a).
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Narayana and Ganesan, 2007). Due to small thickness
ratio of the face layers, classical plate theory was widely
employed to identify displacement field in the face
layers (Hasheminejad and Maleki, 2009; Yeh and
Chen, 2004, 2005, 2007). The displacement profile of
the core layer was also obtained using compatibility
conditions of three layers. Application of FE method
has been extensively reported to derive governing equa-
tions of motion of MR/ER sandwich plates under dif-
ferent geometry boundary conditions (Cho et al., 2005;
Lu and Meng, 2006; Yeh, 2007b, 2010b, 2011a; Yeh
et al., 2009).

Eshaghi et al. (2015a, 2015c) employed a sandwich
plate element, as depicted in Figure 13, to derive gov-
erning equations of motion of an MR sandwich plate.
The element consisted of four nodes with 10 DOF
(longitudinal displacements, transverse displacement,
and slopes about x- and y-axis for the top and bottom
layers), per node. Since the displacement field of the
core layer was obtained from those of the top and bot-
tom layers, the DOFs of each node were associated with
those at the top and bottom layers. The transverse and
longitudinal displacements of the element were
expressed in terms of the nodal displacement vector,
q(t)= fu(1)0i , v

(1)
0i , u

(3)
0i , v

(3)
0i ,w

(1)
i ,w(3)

i , u(1)xi , u
(3)
xi , u

(1)
yi , u

(3)
yi g

T

for i = 1, 2, 3, 4, and the shape function vectors.
Hasheminejad and Maleki (2009) employed Lagrangian
equation and developed an exact closed form solution
to identify dynamic responses of an ER sandwich plate.
The solution was only applicable for simply supported
structures.

Developing theoretical model representing dynamic
characteristics of adaptive sandwich plates requires
accurate characterization of MR/ER fluids contained
in the core layer. Cho et al. (2005) and (1999) employed
rheometer to characterize ER fluids employed in the
sandwich ER plate structures. Choi (2000) adopted the
model developed by Choi et al. (1990), which was based
on treating cantilever beam as an SDOF system, to
analyze ER sandwich plate. The ER models developed
by Don (1993) and Yalcintas and Coulter (1995c) have
been widely used to identify the complex shear modulus
of ER fluids employed in the core layer of the sandwich

plates (Hasheminejad and Maleki, 2009; Yeh and
Chen, 2004, 2005, 2006, 2007). Yeh (2013) utilized the
quadratic functions proposed by Rajamohan et al.
(2010c) to investigate dynamic characteristics of MR
sandwich plate. Aguib et al. (2014) conducted an
experiment using visco-analyzer to identify rheological
properties of an elastomer employed in an MRE sand-
wich plate.

Dynamic responses of MR/ER sandwich plates. The studies
on MR/ER sandwich plates suggest an increase in the
resonant frequencies of the structures with increasing
the applied magnetic/electric field (Choi et al., 1999,
2001, 2005; Hasheminejad and Maleki, 2009; Yeh,
2007a, 2007b, 2013). In particular, the effect of applied
field strength on the lower modes resonant frequencies
was more pronounced compared to those of the higher
modes (Hasheminejad and Maleki, 2009). While the
natural frequencies of the MR/ER-based sandwich
plates increase with applied magnetic/electric field, the
variations in the loss factors with respect to the applied
field do not follow the same trend. Figure 14(a) shows
that similar to sandwich beams, the loss factor of ER
sandwich plates increases at low electric field strength,
reaches a peak at intermediate field magnitude, and
subsequently decreases as the field strength is further
enhanced (Hasheminejad and Maleki, 2009). This beha-
vior has also been reported for MR sandwich plate
(Yeh, 2013).

The loss factor peak may shift to the higher or lower
magnetic/electric field amplitude in the structures with
different face or core layer thicknesses, aspect ratios,
MR/ER fluids, and excitation frequencies. For
instance, Hasheminejad and Maleki (2009) illustrated
that higher aspect ratio of an ER-based sandwich plate
shifted the loss factor peak to the higher electric field
magnitudes. Yeh and Chen (2007) observed a decrease
in the loss factor of ER plate as the electric field
increased, as depicted in Figure 14(b). In this case, the
loss factor peak shifted to low electric field strength. It
is worth noting that although it is expected that appli-
cation of magnetic/electric field over the MR/ER sand-
wich plates always enhances the stiffness and damping
properties of the structures and suppresses undesired
vibration, Hasheminejad and Maleki (2009) concluded
that applying an electric field does not necessarily lead
to improving vibration response of an ER sandwich
plate. In fact, corresponding to a specific frequency of
excitation, there was an optimal electric field which
caused minimum displacement amplitude. In other
words, vibration suppression capability of MR/ER
sandwich plates is frequency dependent (Lu and Meng,
2006). On the other hand, an anti-optimal electric field
could result in maximum displacement amplitude in the
structure. Accordingly, inappropriate application of
magnetic/electric field may degrade vibration control

Figure 13. Two-dimensional sandwich plate element (Eshaghi
et al., 2015a).
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performance of the MR/ER sandwich plates, signifi-
cantly (Yalcintas and Coulter, 1995b).

While magnetic/electric field strength highly affects
the resonant frequencies and loss factors of sandwich
plates, some other parameters such as face layer geome-
try (Hasheminejad and Maleki, 2009; Narayana and
Ganesan, 2007), core layer thickness (Yeh, 2007a,
2007b, 2013), boundary conditions (Narayana and
Ganesan, 2007), and excitation frequency (Lu and
Meng, 2006) influence modal parameters of the struc-
tures, remarkably. The significance of these factors on
dynamic responses of the sandwich plates is relatively
different. Hasheminejad and Maleki (2009) reported
more noticeable effect of electric field strength on vibra-
tion suppression of ER sandwich structure in compari-
son with increasing the ER core layer thickness. They
also suggested direct and inverse effects of aspect ratio
on the natural frequencies and loss factors of ER sand-
wich plate, respectively. In other words, the natural fre-
quencies (modal loss factors) increase (decrease) with
increasing the aspect ratio. Narayana and Ganesan
(2007) investigated the effect of boundary condition on
dynamic responses of sandwich plate containing ER
fluid. They concluded that increasing constraints on the
four edges of sandwich plate increased natural frequen-
cies and decreased modal loss factors. Cantilever and
all clamped edge plate showed the maximum and mini-
mum loss factors, respectively. They also found that the
sandwich plate with viscoelastic as the core layer was
stiffer and showed superior damping properties com-
pared to ER-based sandwich plate, under all boundary
conditions except Clamped-Free-Free-Free (CFFF)
and Clamped-Clamped-Free-Free (CCFF). In these
cases, the conventional viscoelastic core exhibits poor
damping for the first few modes, when compared to the
ER plate. It should be noted that C and F represent
clamped and free ends, respectively.

Core layer thickness plays a significant role in
dynamic characteristics of the sandwich plate. The core

thickness might significantly enhance vibration con-
trollability of the structure, under high levels of applied
field (Vaičaitis et al., 2007). Increasing the core layer
thickness may decrease the natural frequencies (Yeh
and Chen, 2004) and increase the modal loss factors
(Narayana and Ganesan, 2007). A decrease in the reso-
nant frequencies signifies that the effect of thickening
the core layer on mass of the structure is more signifi-
cant than its stiffness (Mohammadi and Sedaghati,
2012c). Yeh and Chen (2004) suggested that application
of strong electric field may cause the natural frequen-
cies of the ER sandwich plate to increase continuously
as the thickness ratio of the ER layer increases.
Furthermore, Yeh and Chen (2007) showed that under
high electric field strength, the modal loss factor of ER
sandwich plate increased with increasing ER layer
thickness. However, under low electric field strength, it
decreased initially and then increased, by a further
increase in ER layer thickness. Yeh and Chen (2005)
reported a decrease in the dynamic stability regions of
the sandwich plate with increasing ER layer thickness.
Rahiminasab and Rezaeepazhand (2013) suggested a
decrease in the critical aerodynamic pressure of sand-
wich ER plate with an increase in ER core thickness,
while increasing the constraining layer thickness caused
a reverse effect.

Sandwich structures with annular plate, skew plate,
and shell face layers

Although rectangular sheets have been widely
employed to serve as the constraining and base layers
for MR/ER sandwich plates, application of annular
(Yeh, 2007a, 2007b, 2010a, 2010b, 2011a, 2012; Yeh
et al., 2009) and skew plates (Narayana and Ganesan,
2007) has also been reported. The effects of different
parameters such as magnetic/electric field, core layer
thickness, aspect ratio, and boundary condition on the
annular or skew plates are similar to those of the

Figure 14. (a, b) Variations in modal loss factors corresponding to lower four modes of a sandwich plate with two different ER
fluids (Yeh and Chen, 2007).
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rectangular sandwich plate structures. Furthermore,
few studies have addressed dynamic characteristics of
sandwich shells with MR/ER fluids as the core layer
(Hasheminejad and Motaaleghi, 2014; Mikhasev et al.,
2011; Mohammadi and Sedaghati, 2012b, 2012c;
Tylikowski, 2000; Yeh, 2011b). Figure 15 shows two
typical annular circular and shell sandwich plates.
Mohammadi and Sedaghati (2012b) presented non-
linear vibration analysis of a sandwich shell with ER
fluid as the core layer. They proposed a new notation
referred to as H-notation in the FE analysis to reduce
computational costs. The results demonstrated harden-
ing type in the non-linear behavior of the sandwich
structure so that increasing the amplitude of excitation
increased the resonant frequency ratio
(vnon�linear=vlinear). The rate of variations, however,
depended on boundary condition and core layer thick-
ness, significantly. Yeh (2011b) adopted FE method to
identify dynamic characteristics of multi-layer shell
structure with ER fluid. The dynamic responses of the
shell structure, however, follow the same trend as sand-
wich plate structures (Yeh, 2013), under different elec-
tric field levels, core layer thicknesses, and modes of
vibration. So far, no experimental study on MR-based
sandwich shell has been reported, which might be
related to challenges in providing magnetic flux over
the structure. Mikhasev et al. (2011) presented the only
theoretical study on dynamic characteristics of non-
circular cylindrical shell with MR fluid as the core
layer. The structure consisted of N transversely isotro-
pic layers and MR core layers were sandwiched
between the elastic layers. Although the results demon-
strated the correlation between vibration suppression
capability of the structure and material properties of
layers, the effect of MR layer thickness in vibration
control of the structure was highlighted. Mikhasev
et al. (2014) investigated the effect of magnetic field on
eigenmodes of MRE-based sandwich shell structure.
They considered physical properties of MRE layer to
be function of magnetic field induction and curvilinear
coordinate. Their study suggests localization of

eigenmodes corresponding to low-frequency spectrum
of the structure in response to the applied magnetic
field.

Applications of MR/ER sandwich plates

While the main application of adaptive MR/ER-based
sandwich plates was to provide adjustable stiffness and
damping properties to suppress unwanted vibration of
the base layer, review of literature also suggests some
other applications (Choi et al., 2001; Pranoto et al.,
2004). Choi et al. (2001) investigated the effect of ER
sandwich plate on noise control. They proposed an
acoustic cavity comprising five acrylic sheets and ER
plate as the sixth face of the cavity. A loud speaker gen-
erated sound pressure from outside of the cabin. The
speaker was excited with sweep sine signals from the
function generator through the power amplifier. A
microphone was used to measure the sound level inside
the cavity through a small hole in the bottom of the
cavity. The fuzzy control algorithm was adopted to
attenuate sound transmission from the speaker into the
cabin. The experimental setup is shown in Figure 16.
The results signified remarkable effect of ER plate on
sound pressure attenuation in the cabin. Application of
controlled electric field reduced the pressure level by 20
and 19 dB at 62 and 98 Hz, respectively. Hasheminejad
and Shabanimotlagh (2010) investigated the effect of
MRE on sound insulation improvement of a sandwich
plate containing MRE as the core layer. Although
application of magnetic field caused no significant
improvement in sound insulation at low frequencies,
the effect on intermediate- and high-frequency regions
was noticeable.

Harland et al. (2001) inserted ER sandwich plate
into a part of vibrating structure to attenuate vibration
transmission. In their experiment, a sandwich ER plate
was glued between two sections of a clamped–clamped
Perspex beam to suppress vibration transmission, as
depicted in Figure 17. The advantage of proposed
insert over traditional passive dampers was to provide

Figure 15. Sketch of sandwich (a) annular circular plate and (b) shell structure (Wang and Zheng, 2013).
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variable properties and have negligible effect on integ-
rity and mass of the structure. The Perspex beam was
excited on one side of the insert while the vibration was
measured on both sides of the sandwich insert. The
results suggested significant effect of the insert in reduc-
ing vibration transmission in the main structure.

Figure 18 shows a shear mode MR damper designed
by Pranoto et al. (2004), which is applicable for vibra-
tion suppression of large flexible structures such as air-
craft wings. The damper comprised a thin rectangular
box, number of thin plates with slits, and MR fluid
which was contained in the box. Permanent magnets
attached to the box surface provided magnetic flux
over the structure and solidified the MR fluid to resist
against shear deformation due to plates sliding. The
advantage of the proposed damper over ordinary
hydraulic damper was to work for small displacement.
In contrast to rubber damper, which shows poor per-
formance in low-frequency region, the proposed dam-
per could generate large damping force in the low

frequencies. The resisting force due to shear motion
was almost constant and frequency-independent, which
was the main difference of the proposed damper with
piston-type ones. The proposed thin and light damper
worked passively and needed no energy for activation.
Pranoto et al. (2004) applied the damper on a vibrating
wing and reported 90% reduction in amplitude of
vibration corresponding to the first (bending) and sec-
ond (torsional) modes of the wing.

Dynamic characteristics and optimum
design of partially treated MR/ER
sandwich structures

Partially treated sandwich beam, plate, and shell
structures

A survey of literature shows substantial increase in the
stiffness and damping properties of the sandwich struc-
tures, fully treated with the MR/ER fluid layer, with
increasing applied field. The fully treated sandwich
structures, however, result in higher mass due to high
weight density of the fluid and pose some practical
challenges in implementing the MR/ER fluid layer
(Kciuk and Turczyn, 2006). Furthermore, application
of a uniform magnetic/electric field over the entire
structure poses difficult challenges. Partial MR/ER
fluid treatments would thus be desirable, particularly
when applied to optimal locations to achieve maximum
controllability with relatively small size treatment and
low energy consumption. Partially treated sandwich
structures comprise elastic face layers and partial MR/
ER segments as the core layer. Figure 19 represents a
partially treated MR sandwich plate in which MR fluid
is located at the corner of core layer. Those parts of the
core layer not covered by the MR/ER treatments
(untreated regions) may be filled by other materials.
Haiqing and King (1997) and Lu and Li (2007)

Figure 16. Experimental setup for noise control (Choi et al.,
2001).

Figure 17. Experimental setup (Harland et al., 2001).
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considered untreated parts in the core layer of partially
treated ER sandwich beam to be filled by air. Oyadiji
(1996) and Choi et al. (1999) employed the same layout
of the core layer to fabricate partially treated sandwich
plate. Rajamohan et al. (2010a) proposed a sandwich
beam of aluminum face layers and partially treated
MR fluid as the core layer. The remaining segments of
the core layer were considered to be of aluminum mate-
rial. In order to suppress vibration amplitude of a
cross-ply elastic composite laminate, Panah and
Hasheminejad (2010) proposed a partial ER fluid seg-
ment attached to the base layer. The top layer was
assumed to be as the same size of the ER segment.
Mohammadi and Sedaghati (2012c) investigated
dynamic responses of a partially treated sandwich shell
structure. Unconstrained viscoelastic material was
employed at boundaries and untreated locations to seal
ER fluid. The thickness of the viscoelastic layer was
considered to be equal to the thickness of the ER core
and constraining layers. The logic behind choosing
unconstrained viscoelastic material was to achieve more
dependency of the structural loss factor on the con-
strained ER fluid.

Dynamic responses of partially treated sandwich
structures. The properties of partially treated MR/ER
sandwich structures are strongly affected by different
fluid and structural related parameters such as core
layer thickness, complex shear modulus of the fluid,
applied field strength, face layer geometry, and bound-
ary conditions. Furthermore, the number and location
of the fluid treatments contribute significantly in the
dynamic responses of the sandwich structures. In the
absence of applied magnetic/electric field, partial treat-
ments yield relatively lower natural frequencies of the
sandwich structure compared to those of the untreated
ones, irrespective of the configuration, end conditions,
and modes of vibration (Rajamohan et al., 2010a).
That is simply due to higher mass of the fully treated
structure. Increasing the applied field generally results
in an increase in the natural frequencies (Choi et al.,
1999; Oyadiji, 1996). Haiqing and King (1997) reported
reduction in the resonant frequencies of a partially
treated sandwich ER beam in response to the electric
field. The partial treatment was located at the middle
of the clamped–clamped beam. They attributed
decrease in the natural frequencies of the structure to
solidification of ER fluid subjected to the electric field,
which resulted in transmission of vibration energy
applied to the upper steel face layer to the lower one.
Oyadiji (1996) investigated the effect of ER segments’
locations on the natural frequencies of a cantilever par-
tially treated ER plate. Silicon rubber was employed to
partition the core layer to five cavities parallel to the
clamped edge. A constant electric field strength of
2 kV mm21 was provided over the structure. Treating
the first cavity (closed to the clamped edge) increased
the natural frequencies, compared to those of the
untreated structure. The increase was attributed to sig-
nificant effect of electric field on the stiffness of the ER
fluid compared to the mass effect. Treating the second
cavity decreased the resonant frequencies which signif-
ied significance of the mass effect. This study suggested
that treating 60% of the core layer by ER fluid resulted
in minimum vibration amplitude of the structure.
Rajamohan et al. (2010a) investigated the effect of the

Figure 18. Geometry of MR damper (Pranoto et al. 2004).

Figure 19. Partially treated MR sandwich plate (Eshaghi et al.,
2015b).
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variations in the portion of core layer occupied by MR
fluid on the natural frequencies of a simply supported
partially treated MR beam, under magnetic flux den-
sity of 50 mT. The simulations were performed by con-
sidering MR fluid treatments over 25%, 50%, 75%,
and 100% of the beam length. Figure 20 shows the var-
iations in the resonant frequencies of the structure with
different lengths of the treatment corresponding to the
first five modes. Increasing volume of the MR fluid
increased the mass and stiffness of the structure. In the
lower modes, the effect of MR volume on the mass and
stiffness was almost the same; hence, no significant var-
iations in the resonant frequencies were observed. On
the other hand, in the higher modes, the effect of MR
volume on the mass was more pronounced compared
to that of stiffness; thus, the natural frequencies
decreased by increasing MR length. Panah and
Hasheminejad (2010) suggested that the natural fre-
quencies of partially treated sandwich plate subjected
to low electric field strength (1 kV mm21) were lower
than the untreated structure. Applying high electric
field (3 kV mm21), however, enhanced the resonant
frequencies compared to the untreated plate.

It is widely reported that the loss factors of fully
treated sandwich structures are generally higher than
those of the partially treated ones (Rajamohan et al.,
2010a; Joshi, 2012). That is attributed to lower dissi-
pated energy of the latter structure. However, some
studies reported higher loss factor of partially treated
sandwich structures compared to fully treated ones,
under specific boundary conditions and geometries
(Haiqing and King, 1997; Mohammadi and Sedaghati,
2012c; Panah and Hasheminejad, 2010; Rajamohan
et al., 2010a). Haiqing and King (1997) suggested less
significant effect of partial treatments on the loss factor
of partially treated ER beam compared to natural fre-
quencies. Rajamohan et al. (2011) investigated the
effect of MR locations on the modal damping factors
for five modes of partially treated sandwich beam,

under SSB, clamp (CCB), and cantilever boundary con-
ditions. They divided core layer into 12 portions and
treated different portions. Figure 21 shows the varia-
tions in the fundamental modal damping factor of the
beams with MR location. The results suggest that opti-
mal location of MR fluid resulting in maximum loss
factor of the structure strongly depends on the bound-
ary condition.

Panah and Hasheminejad (2010) illustrated the
effects of electric field strength and ER patch size on
the loss factors of a partially treated ER plate. They
showed that employing a large ER segment under high
electric field or small segment under low electric field
strength increased the loss factors of the structure. The
results also showed noticeable effect of shear deforma-
tion in vibration suppression capability of the ER sand-
wich structures. In other words, the MR/ER fluid
segments may adjust the stiffness and damping proper-
ties of the partially treated structure in a wide range if
they experience noticeable shear strain. Tylikowski
(2000) analyzed vibration responses of a cylindrical
shell partially treated with ER fluid, under different
boundary conditions. The study concluded more signif-
icant variations in the modal parameters of the free–
free structure, compared to those of sandwich shell
with fixed-free boundary condition, in response to the
electric field, which was due to higher shear deforma-
tion in the former structure.

Partial activation of the core layer of MR/ER
sandwich structures

The effects of partially activation of MR/ER fluids on
dynamic responses of the sandwich structures have
been investigated in some studies (Cho et al., 2005;
Choi et al., 1999; Lara-Prieto et al., 2010; Yalcintas
and Coulter, 1998). Choi et al. (1999) fabricated a

Figure 20. Variations in lower five natural frequencies of
simply supported MR sandwich beam with MR fluid length
(Rajamohan et al., 2010a).

Figure 21. Variations in modal loss factor of MR sandwich
beams with MR location under different boundary conditions
(Rajamohan et al., 2011).
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four-partitioned ER plate to investigate the effect of
intensity and area of applied field on the natural fre-
quencies and mode shapes of the structure. The sand-
wich plate was fully treated by ER fluid and each
quarter of the core layer could be activated individu-
ally. The results suggested that energizing larger area of
the core layer resulted in noticeable suppression of the
mode shapes. Cho et al. (2005) proposed an ER-based
sandwich plate with multi-electrode configuration to
provide partial activation of the ER fluid. In other
words, the structure was fully treated by ER fluid while
the electric field was applied to partial area of the core
layer. The study suggested an increase in the natural
frequencies and loss factors of the structure as the area
of active electrodes increased. Furthermore, activation
of regions experiencing significant shear deformation
yielded noticeable variations in the modal parameters
of the structure. The study concluded that optimal acti-
vation of the fluid provided superior ratio of vibration
suppression to consumed energy compared to a fully
activated ER plate. Lara-Prieto et al. (2010) conducted
an experiment to investigate the effect of partial activa-
tion of core layer on dynamic characteristics of a canti-
lever sandwich PET beam structure containing MR
fluid as the core layer. It was observed that the natural
frequency of the beam decreased as the activated area
moved away from the clamped end of the cantilever
structure. These results were in agreement with the the-
oretical study conducted by Yalcintas and Coulter
(1998) in which they reported a decrease in the resonant
frequencies of a simply supported ER beam when only
the central region of the beam was activated.

Optimum design of partially treated sandwich
structures

The advantage of partially treated over fully treated
sandwich structure is to realize an appropriate layout
with minimum treatments to obtain almost the same
performance as the fully treated one. The design of a
partially treated MR/ER sandwich structure requires
finding an appropriate configuration of the treatments
so that it yields the maximum controllability and vibra-
tion suppression capability of the structure in terms of
stiffness and damping. For this purpose, different opti-
mization problems on MR/ER sandwich structures
have been formulated (Mohammadi and Sedaghati,
2012c; Rajamohan et al., 2010b; Snamina, 2011).
Rajamohan et al. (2010b) proposed three optimization
problems to investigate the effect of MR layout on
dynamic responses of partially treated MR beam. In
the first case, the objective function was formulated to
find the optimal locations of MR treatments resulting
in maximum modal damping factors corresponding to
the first five individual modes of vibration, such that:

Case 1.

Maximize f1(X )=hd

Pn
e= 1

f(r)
e kef(r)

e

f(r)T Kf(r)
,

r = 1, . . . , 5 subjected to 0\X �N

ð13Þ

where f(r) is the rth mode shape vector; f(r)
e is the vec-

tor extracted from f(r) representing the displacement of
eth MR fluid element in the core layer; K and ke denote
system and element stiffness matrices, respectively; hd

is the structural loss factor of MR fluid; and n and N
are the number of MR fluid segments and FEs of sand-
wich beam, respectively. The design variable, X, is the
location of the MR fluid segments in the core layer of
the sandwich beam. The objective function correspond-
ing to Case 2 was considered to maximize summation
of the modal damping factors associated with the first
five modes.

Case 2.

Maximize f2(X )=
X5

r= 1

hd

Pn
e= 1

f(r)
e kef(r)

e

f(r)T Kf(r)

8>><
>>:

9>>=
>>;

ð14Þ

Since the modal loss factor corresponding to the fun-
damental mode of sandwich beam overweighed those
of the other modes, it was observed that the results
obtained in Case 2 were identical to those obtained in
Case 1. Consequently, the third objective function was
considered to be logarithmic damping factors corre-
sponding to the first five modes, such that:

Case 3.

Maximize f3(X )=
X5

r= 1

ln hd

Pn
e= 1

f(r)
e kef(r)

e

f(r)T Kf(r)

8>><
>>:

9>>=
>>;

ð15Þ

The above optimization problems were solved using
the genetic search algorithm (GA) and sequential quad-
ratic programming (SQP) techniques. This study con-
cluded significant effect of modes of vibration on the
optimum locations of the MR fluid segments.
Furthermore, it was realized that treating the pockets
experiencing significant shear deformation could maxi-
mize the loss factor. For instance, the MR fluid treat-
ments closed to the supports of simply supported and
clamped sandwich beams yielded higher modal damp-
ing factors corresponding to all the modes.

Snamina (2011) employed the classical plate theory
and energy method to find optimal number and loca-
tions of the MR segments in the core layer of a sand-
wich plate to maximize the energy dissipation of the
structure. The objective function was considered as
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MaximizeP=
1

2
vA2Im(G)

ð
V

(g2
xy + g2

xz + g2
yz)dV ð16Þ

where P is the average power dissipated from the plate;
v and A denote the frequency and amplitude of excita-
tion, respectively; Im(G) is the imaginary part of the
complex shear modulus of the MR fluid; and g repre-
sents shear strain of the MR fluid. This study revealed
greater number of optimal MR fluid treatments for the
higher modes of vibration. Mohammadi and Sedaghati
(2012c) formulated an optimization problem to maxi-
mize damping corresponding to the first two modes of
a sandwich panel partially treated with ER fluid. They
considered locations of the ER segments, thickness
ratios of the face, and core layers and electric field
intensity as the design variables and employed GA and
SQP techniques to find optimal design. Furthermore, a
constraint was defined so that the total mass of the
sandwich structure should not increase the mass of the
base layer more than 50%. The optimization results
showed that the maximum electric field intensity would
yield the highest loss factor, irrespective of the bound-
ary condition. Ni et al. (2010) fabricated a sandwich
beam with MRE as the core to suppress micro vibra-
tion of equipment under stochastic support vibration.
They formulated an optimization problem and consid-
ered velocity response spectra and the root mean square
(RMS) velocity responses of the structure as the objec-
tive functions, while the applied magnetic field was
assumed as the design variable. The results accentuated
significant effect of optimal MRE on reducing RMS
velocity responses of the structure.

Vibration control of MR/ER sandwich
structures

Application of smart fluids in the structures enables to
develop semi-active controller to attenuate unwanted
vibration in a wide range of frequency. This is due to
tunable stiffness and damping characteristics of MR/
ER-based sandwich structures in response to the
applied field. Semi-active controllers pose the simplicity
and reliability of the passive controllers as well as effec-
tiveness and adaptability of the active ones. Kim et al.
(1992) compared performance of semi-active controller
with that of passive system, under critical and maxi-
mum damping, on a cantilever ER sandwich beam and
reported superior functionality of former controller.
Furthermore, their study indicated that semi-active sys-
tem was not sensitive to spillover problem comparing
with fully active system. Active controllers require force
and torque inputs from actuator to suppress vibration;
thus, application of these controllers is limited due to
high cost and power requirements. Moreover, they are
prone to instability. Although control study of the MR
and ER dampers has been widely investigated, control

analysis of the sandwich structures incorporating MR
and ER fluids has been addressed only in few studies.
Semi-active controllers have been applied to the MR/
ER sandwich structures through various control strate-
gies such as ON–OFF control law (Liao et al., 2012;
Sapiński and Snamina, 2008), linear quadratic regula-
tor (LQR) (Rajamohan et al., 2011), sliding mode
(Allahverdizadeh et al., 2013c; Hasheminejad et al.,
2013; Kim et al., 1992), and real-time control (Zhang
and Li, 2009). The performance of the controllers was
demonstrated by suppressing external disturbances
such as sinusoidal signal (Choi et al., 1996; Fukuda
et al., 2000; Liao et al., 2012), random signal
(Allahverdizadeh et al., 2013c; Choi et al., 1996; Han
et al., 1994; Liao et al., 2012), impulse (Allahverdizadeh
et al., 2013c; Liao et al., 2012; Rajamohan et al., 2011),
and white noise (Rajamohan et al., 2011).
Furthermore, some studies investigated the effects of
semi-active controllers on free vibration of sandwich
structures (Cho et al., 2005; Rajamohan et al., 2011).

Semi-AC of sandwich structures

Vibration control in the adaptive structures is directly
connected to control of their modes; therefore, the gov-
erning equations of motion of the structures are gener-
ally expressed in the modal form using modal
coordinates (Allahverdizadeh et al., 2013c; Rajamohan
et al., 2011). In view of uniform distributed variable
damping properties of the sandwich structures, which
are provided by MR/ER fluid core layers, proportional
damping assumption can be employed in the vibration
analysis of the structures. Employing modal coordinate
system yields uncoupled governing equations of motion
for the sandwich structure in the following form
(Allahverdizadeh et al., 2013c; Rajamohan et al., 2011)

f€lig+ ½2jivi�f _lig+ fv2
i gflig= ffig, i= 1, 2, . . . , n

ð17Þ

where flg and ff g denote the modal coordinate and
force vectors, respectively. vi and ji are the natural fre-
quency and corresponding modal damping ratio for the
ith normal mode, respectively. The modal parameters
of the MR/ER-based sandwich structures show signifi-
cant variations in response to applied field; hence, the
natural frequencies and modal damping factor of the
structures can be represented as a function of controlled
magnetic/electric field, ui

f€lig+C(ui)f _lig+K(ui)flig= ffig, i= 1, 2, . . . , n

ð18Þ

where K(ui)= ½v2
i � and C(ui)= ½2jivi�. In order to real-

ize an appropriate controller over the structure, the var-
iations in K(ui) and C(ui) with the applied field should
be identified. It is widely reported that these two
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parameters vary linearly with respect to the applied
field (Allahverdizadeh et al., 2013c; Choi et al., 1993;
Kim et al., 1992; Rajamohan et al., 2011). However,
the approximation is valid in a limited range of fre-
quency and applied field. The field-dependent equation
presented in equation (18) can be used to develop dif-
ferent semi-active controllers such as LQR (Rajamohan
et al., 2011) and sliding mode (Allahverdizadeh et al.,
2013c) for the sandwich structures.

Sapiński and Snamina (2008) demonstrated the con-
cept of switched stiffness in vibration analysis of a can-
tilever beam with MR fluid as the core layer. They
employed FE model to derive governing equations of
motion of the structure and considered free end displa-
cement and velocity of the sandwich beam to design
the controller. Their results revealed that switching
stiffness to low value, while displacement reached the
maximum, dissipated energy from the structure. The
control low was also given as

k = kmax if w _w � 0

k = kmin if w _w\0

�
ð19Þ

where w and _w are the displacement and velocity at the
free end of sandwich beam, respectively. Figure 22
illustrates the relation between beam end motion and
stiffness switching. The stiffness of the structure is var-
ied under different levels of magnetic flux density. As
can be observed in the figure, the magnetic flux density
remains at the highest value while displacement
increases and switches to the lowest value when the
vibration amplitude is maximum. During stiffness
switching, the displacement amplitude does not vary;

thus, the part of the potential energy is lost from the
system. In the next half-cycle, the stiffness is switched
to the highest value while the system passes through
the equilibrium position. In the equilibrium position,
the potential energy of the system is equal to 0; thus,
switching the stiffness does not change total energy of
the system.

While most of the studies on control of sandwich
structures with MR/ER fluids developed controller
over fully treated sandwich structures under fully acti-
vation of the core layer, there are few studies addres-
sing control synthesis of partially treated sandwich
structures or partially activation of the MR/ER fluids.
Dyniewicz et al. (2015) proposed a semi-active control-
ler to minimize unwanted vibration of a partially
treated MRE beam structure in a particular mode of
vibration. Rajamohan et al. (2011) presented full-state
observer-based and limited state LQR controller to
suppress free and forced vibration of a cantilever beam,
comprising two elastic layers and MR fluid as the core
layer. The FE models of the fully and partially treated
beams were expressed in the state-space form, as

f _xsg= ½A�fxsg+ ½B�fgg+ ff g and fysg= ½C�fxsg
ð20Þ

where [A], [B], and [C} are the coefficient matrices
obtained from the governing equations of motion of
the structure, fgg= ½U �fxsg, and [U] is the control
input matrix. ff g is the force vector and fxsg represents
the generalized coordinates and their derivatives. An
optimal control was synthesized through minimization
of a cost function that was proportional to a measure

Figure 22. Displacement of the beam end point under magnetic field switching (Sapiński and Snamina, 2008).
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of the system’s response and the desired control inputs,
using the LQR approach, such that

J =
1

2

ð‘

0

fxsgT ½Q�fxsg+ fggT ½R�fgg
	 


dt ð21Þ

where [Q] and [R] are the symmetric semi-definite and
positive-definite weighting matrices, respectively. The
LQR controller based on the full-state dynamic obser-
ver was also formulated to derive the control gain
matrix. The dynamic state observer was given by

f _̂xsg= ½A�fx̂sg+ ½B�fgg+ ½L� fysg � fŷsgð Þ+ ff g
and fŷsg= ½C�fx̂sg ð22Þ

where fx̂sg is the estimated state vector and [L] is the
observer gain evaluated based on LQR control law and
determines the convergence of fx̂sg to fxsg and fŷsg is
the output vector evaluated from fx̂sg. Application of
full-state observer-based LQR control decreased tip
displacement as well as settling time of the free vibra-
tion, as depicted in Figure 23. The study showed that
vibration control of the partially treated beam might be
as well as fully treated one if the MR treatments were
located near free end of the beam. For instance, the set-
tling time of the fully treated controlled beam was
0.59 s while that of the passive structure was in order of
4.3 s. Interestingly, the settling time of controlled par-
tially treated beam was measured to be 0.53 s, which
was lower than that of fully treated beam.

Park et al. (1998) investigated dynamic responses
and shape control of a sandwich plate containing ER
fluid as the core layer. The host layer was partitioned
to provide four cavities. The results illustrated that
application of controlled partial ER fluids tuned

structural mode shapes and elasto-dynamic properties
of the structure, significantly. Cho et al. (2005) reported
that application of partially activated ER fluid under
sliding mode controller resulted in much less energy
consumption than fully activated structure, while
almost the same vibration attenuation was acquired.
Although it is widely reported that application of con-
troller increases the natural frequencies of the sandwich
structures with MR/ER fluids, Rajamohan et al. (2011)
suggested no significant shift in the lower three reso-
nant frequencies of the controlled partially treated MR
sandwich beam.

AC of MR/ER sandwich structures

While application of semi-active controller on adaptive
structures is popular and the semi-active controller is
less sensitive to spillover than active controller (Kim
et al., 1992), the active controller should be applied;
once complete vibration suppression of the adaptive
structure is desired (Shaw, 2000). The semi-active con-
trollers can effectively mitigate vibration of the struc-
ture in the neighborhood of the resonance frequencies
(Choi and Park, 1994). However, non-zero deflection in
the structures with semi-active controllers may be
observed in different frequencies of excitations.
Application of active controllers to mitigate undesired
vibration of MR/ER-based sandwich structures has
been reported in the literature (Choi et al., 1996;
Jianting and Jiesheng, 2003). Choi et al. (1996) involved
the actuator characteristics into governing equations of
motion of a cantilever sandwich beam containing ER
fluid to design an active controller. Fukuda et al. (2000)
employed ER fluid core layer and piezoceramic actua-
tor to realize an active controller and suppress

Figure 23. Tip deflection responses of the fully treated MR sandwich beam with and without the LQR control and subject to a unit
load impulse: (a) time-history: without control and (b) time-history: with observer-based control (Rajamohan et al., 2011).
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deflection at the free end of the cantilever composite
beam. Four types of feedback control strategies includ-
ing deflection feedback control (DFC) and velocity
feedback control (VFC) through or not through a relay
element for both of the ER fluid and piezoceramic
actuator were considered. The relay element provided a
comparison between control effect of the sinusoidal
and rectangular waves as the input to the actuators. In
other words, four types of control strategies were
applied to ER fluid and piezoceramic actuator and the
amounts of the control input signals based on DFC
and VFC were measured. The results suggested that
VFC without a relay element for ER fluid and piezo-
ceramic actuator showed optimal performance in vibra-
tion attenuation of the structure, under sinusoidal
excitation.

The Lyapunov stability theory has been employed in
some studies to apply active controllers for vibration
mitigation of sandwich beam structures with ER (Rahn
and Joshi, 1998) and MR (Chen and Hansen, 2005;
Chen and Tian, 2006) fluids, respectively. Shaw (2000)
developed two-stage hybrid controller to attenuate
vibration of an ER-based adaptive beam under harmo-
nic disturbances. This controller combined fuzzy logic–
based semi-active controller with an active force con-
troller. The semi-active controller tuned the resonant
frequencies and improved transient response of the
structure, while the active controller eliminated external
disturbances and improved steady-state responses. The
results highlighted superior performance of hybrid con-
troller over semi-active and active controllers in sup-
pressing undesired vibration. Furthermore, the results
reported beating phenomenon in response to AC of the
structure which was due to small damping of the struc-
ture and negligible deviation of the excitation and natu-
ral frequencies of the structure. Figure 24 provides a
comparison between semi-active, active, and hybrid
controllers in vibration attenuation in the second mode
of the structure. Hasheminejad et al. (2013) developed

an active controller to control supersonic flutter motion
of sandwich plate with ER fluid as the core layer. An
arbitrary flow with various yaw angles was applied to
the structure mounting on a Winkler–Pasternak elastic
foundation.

Conclusion

This article mainly summarizes the studies on pre-yield
characterization of MR/ER fluids, dynamic responses
of partially and fully treated sandwich beams, plates,
shells, and panels containing MR/ER fluids as the core
layer, and control strategies applied to the structures.
A comprehensive review on different fabrication tech-
niques, experimental methods, mathematical modeling,
and methods of solution was presented, and the results
based on different assumptions were compared. The
effects of different parameters such as applied field,
geometry, elastic layer material, boundary conditions,
excitation frequency, temperature, and external distur-
bances on dynamic responses of the structures were
thoroughly investigated. Furthermore, the complexities
associated with experimental studies and the sources of
disagreement between theoretical and experimental
studies were addressed. Although most of the studies
on sandwich structures employed MR/ER fluids to
attenuate undesired vibration and instability of the
base layers, applications of these structures as shear
mode dampers and vibration absorbers have also been
reported. The results suggested that although rhe-
ometers have been widely used to characterize MR/ER
fluids in terms of applied field and excitation fre-
quency, treating MR/ER sandwich beam structures as
SDOF systems ensured pre-yield characterization of
the fluids which was due to smaller strain amplitude of
the fluids in the sandwich structures compared to the
rheometers. Moreover, solid models were more appro-
priate to identify pre-yield characteristics of the MR/
ER fluids. It was further noted that application of MR/
ER fluids in sandwich structures subject to magnetic/
electric field could significantly alter the stiffness and
damping properties of the structures under a noticeable
shear strain. Although fully treated sandwich structures
generally yielded more significant performance com-
pared to partially treated ones, optimal design of the
partially treated MR/ER-based sandwich structures, in
some cases, could provide superior damping properties
compared with the fully treated ones, while having less
weight. The performance of the partially and fully
treated structures, however, could be enhanced by
developing appropriate semi-active or active controllers
over the structures. The results highlighted that semi-
active controllers could suppress resonant deflection of
the structures while active controllers ensured complete
vibration suppression of the adaptive structures in a
wide range of frequency.

Figure 24. Time response of the second mode excitation,
under semi-active, active, and hybrid controllers (Shaw, 2000).
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Appendix 1

Notation

B magnetic flux density
E electric field strength
fio natural frequency ratio at E = 0
Gr shear modulus of rubber
G0 storage modulus
G00 loss modulus
G� complex shear modulus
rfi natural frequency ratio

g shear strain
h loss factor
hd structural loss factor
flg modal coordinate
m fluid viscosity
n Poisson’s ratio
j damping ratio
t shear stress
ty yield stress
f mode shape vector
v natural frequency
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